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Abstract

The first detection of the 21-cm signal is now within reach with the upcoming Square Kilo-
metre Array (SKA). The SKA is expected to deliver tomographic maps of the 21-cm signal across
more than half of the observable Universe, providing transformative constraints on the astro-
physical and cosmological processes that shaped its evolution. At present, however, such mea-
surements remain out of reach, primarily due to challenges in data analysis and interpretation.
Instead, we only have upper limits on the 21-cm power spectrum, reported by several SKA pre-
cursors. In this thesis, I employ machine learning to facilitate and enhance the interpretation
of both current and upcoming cosmic dawn and epoch of reionisation observations within a
Bayesian inference framework. Current upper limits on the 21-cm power spectrum become in-
formative only when combined with complementary observations. To enable such synergistic
analyses, I developed a machine-learning emulator of six summary statistics, which accelerates
inference by more than four orders of magnitude compared to direct simulation. Despite the
increasing realism of simulations, current Bayesian inferences of the 21-cm power spectrum re-
main limited by the small simulation volumes required for computational feasibility. Small box
sizes restrict the number of large-scale modes that can be probed, setting a fundamental lower
bound on the precision of forward-modelled power spectra at large scales — a limitation known
as sample variance. To address this limitation, I developed a simulator-independent framework
that mitigates sample variance with a score-based diffusion model and thereby significantly im-
proves the constraining power of the inference. Put together, the work presented in this thesis
is aimed at squeezing the most juice out of current upper limits and upcoming first detections of
the 21-cm power spectrum, thereby extracting the maximum possible amount of information out
of them.
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Chapter 1

Introduction

1.1  An overview

Until just about a century ago, we believed that Newtonian mechanics provided a complete
and accurate description of gravity. In Newtonian mechanics, masses exert instantaneous forces
on one another. Newtonian physics successfully explained many phenomena such as the orbits of
planets, tides, and even falling apples for more than two centuries. As our ambitions stretched to
precisely measure ever larger volumes of the Universe, Newtonian gravity began to show its fail-
ures. Phenomena such as the anomalous precession of Mercury’s orbit, and the incompatibility of
Newton’s instantaneous action-at-a-distance with the finite speed of light established by special
relativity, hinted that a deeper theory was needed. Einstein’s theory of general relativity revo-
lutionised our way of thinking about the Universe. Instead of forces acting instantaneously at a
distance, gravity becomes the curvature of spacetime caused by mass and energy. This profound
relationship is elegantly encapsulated in the Einstein field equation,

G = 87GT,,, (1.1)

where the stress-energy tensor 7),, describes the distribution of matter and energy, and the Ein-
stein tensor (7, encodes the curvature of spacetime. It shows that spacetime tells matter how
to move and matter tells spacetime how to curve. Einstein’s theory of general relativity not only
resolved Newtonian shortcomings, but also predicted entirely new phenomena.

One of the earliest predictions of Einstein’s theories of relativity was the bending of light
around massive objects. It was confirmed observationally for the first time in 1919 during a
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Figure 1.1: History of the Universe. Image credit: NAOJ.
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solar eclipse, offering strong support for his theories. Many other predictions followed, some of
which have only been confirmed just recently. Gravitational waves, predicted in 1916, were first
detected a whole century later by LIGO in 2015. Black holes, hypothesized as early as the 1910s,
were directly imaged for the first time by the Event Horizon Telescope (EHT) in 2019. A century
on, Einstein’s theory continues to prove both remarkably accurate and astonishingly visionary.

In spite of all the answers it provided, Einstein’s theory of general relativity also raised many
questions. For instance, Einstein realised that a Universe composed only of matter would even-
tually expand or collapse. To preserve the idea of a static Universe, Einstein introduces the cos-
mological constant A to counteract gravity. The notion of a static Universe, however, was soon
overturned. In the 1910s, Vesto Slipher measured spectral lines from nearby galaxies. He finds
that most were redshifted i.e. shifted to longer wavelengths, indicating that they were moving
away from us. A decade later, Edwin Hubble extended these measurements and discovered a
linear relation between the recession velocity of a galaxy v and its distance d, now known as
Hubble’s law: v = Hd. Hubble’s law established the expansion of the Universe as a cornerstone
of modern cosmology. In an expanding Universe, distances between galaxies grow with the cos-
mic scale factor a(t). Instead of using physical distances or proper distances that change with
time ¢, cosmologists often adopt comoving coordinates, which factor out the expansion of the
Universe. Instead of time, cosmologists also often adopt the redshift z = 1/(1 + a).

Many decades later, observations of distant type Ia supernovae at higher redshifts revealed
an even more surprising fact: rather than slowing down under the pull of gravity, the expansion
of the Universe is accelerating. To account for this unexpected behaviour, cosmologists revived
Einstein’s cosmological constant A, now interpreted as a mysterious form of energy inherent
to space itself dubbed dark energy. Since its discovery in 1998, dark energy has emerged as the
dominant component of the Universe, comprising about 70% of the cosmic energy budget, though
its true nature remains one of the greatest mysteries in modern physics.

In 1965, Penzias and Wilson serendipitously discovered a faint background of microwave
radiation. Subsequent measurements of this cosmic microwave background (CMB) by satellites
such as COBE, WMAP, and Planck revealed that it is remarkably uniform, with tiny temperature
fluctuations of 1 part in 100 ooo.

The discovery of cosmic expansion led to the idea that the Universe must have expanded
from a very hot and dense state, later dubbed the Big Bang. The simplest Big Bang models,
however, could not explain key observations such as the near-uniformity of the CMB and its
tiny fluctuations. To solve these issues, in the early 1980s, Alan Guth and collaborators proposed
the theory of cosmological inflation, which suggests a brief period of rapid expansion in the
first fraction of a second following the Big Bang. After the inflationary period, the Universe
continued to cool and expand more slowly, until about 380 ooo years after the Big Bang, when
it became cold enough for protons and electrons to combine into neutral hydrogen in an event
known as recombination. With free electrons no longer scattering photons, the Universe became
transparent, allowing photons to travel largely unimpeded. Stretched by cosmic expansion into
the microwaves, these photons form the CMB which provides a direct glimpse into the Universe
as it was only 380 ooo years after the Big Bang.

Alongside dark energy, which drives the accelerated expansion of the Universe, another in-
visible component that has played an equally crucial role in shaping the Universe is dark matter.
In the 1930s, Fritz Zwicky studied the motion of galaxies in the Coma cluster, and inferred the
visible mass of the cluster to be too small to gravitationally bind the cluster. Decades later, Vera
Rubin measured galactic rotation curves and found that stars on the outskirts of galaxies orbit
far too quickly to be explained the gravitational pull of luminous matter alone. These and many
other observations point to the existence of an invisible type of matter, dark matter, that out-



1.1. AN OVERVIEW CHAPTER 1. INTRODUCTION

weighs ordinary, baryonic matter by roughly a factor of five and provides the dominant source
of gravitational pull within bound structures.

The discovery of dark matter led to the development of the theory of structure formation,
in which dark matter plays a central role. Tiny primordial density fluctuations imprinted in the
CMB, evolve under gravity evolve until they eventually collapse into gravitationally bound struc-
tures known as dark matter halos. These dark matter halos form a vast cosmic web of filaments
and voids, known as the large-scale structure (LSS), act as the invisible gravitational skeleton of
the Universe. Baryonic matter then accretes and cools onto this gravitational blueprint to ignite
the first stars and galaxies about 100 million years after the Big Bang. This period, known as the
cosmic dawn (CD), marks the end of the dark ages with the birth of the first luminous objects.
As illustrated in Figure 1.1, structure formation suggests a hierarchical evolution where small
halos form first and then merge to create progressively larger galaxies and clusters. This theory
of structure formation has been strongly supported since the 1980s by galaxy surveys such as
the Sloan Digital Sky Survey (SDSS), which mapped millions of galaxies across a large volume of
the Universe. Such galaxy surveys trace the underlying dark matter distribution and reveal the
filamentary cosmic web predicted by structure formation.

Observations of the local Universe reveal an intergalactic medium (IGM) that is fully ionised,
whereas inflationary theory and CMB measurements indicate that the early Universe was com-
pletely neutral. Bridging these two epochs together suggests that the first stars and galaxies must
have heated and ionised the surrounding neutral IGM during an epoch of reionisation (EoR). Fig-
ure 1.1 illustrates the EoR, showing how the neutral IGM (blue) was gradually populated by
ionised (black) regions from ionising radiation produced by galaxies. The CD and EoR thus mark
the last great phase transition of the Universe. They are also perhaps the most solvable of the
major mysteries in modern cosmology given our current knowledge of the Universe and obser-
vational capabilities.

We aim to understand when and how the first stars and galaxies formed, which types of
galaxies drove the EoR and how individual galaxies collectively reionised the entire IGM. Many
ongoing observations target the CD/EoR to answer these questions. Increasingly informative
probes of CD/EoR, however, lie at increasingly higher redshifts, which are correspondingly more
challenging to observe. In 1944, Dutch astronomer Hendrik van de Hulst predicts the existence
of a highly forbidden line transition with a wavelength of 21-cm that arises from the hyperfine
splitting of the ground state of the neutral hydrogen atom: when the proton and electron spins
are aligned, the energy of the atom is Ey; = 5.9 X 107% eV (or Ey; /kp = 0.068 K) higher than
when they have opposite spins. The 21-cm line was first confirmed observationally in 1951 Ewen
and Purcell. While the 21-cm transition is extremely rare for a single hydrogen atom, the vast
reservoir of neutral hydrogen in the IGM over cosmic time which includes most of the observable
Universe (from ~ 0.1 — 4 billion years after the Big Bang in Figure 1.1) makes the cumulative
signal potentially detectable. The evolution of the 21-cm signal is commonly described in terms
of the differential brightness temperature, 61,, which quantifies the intensity of the 21-cm signal
relative to the CMB background:

T\ [ Qh2\ [ 0.15 1+ 2\"? H(z)
0T, ~ 35 x [ ' K| (1.
b(2) ””( TS> (0.023) <Q,,,h2 10 ) HG) + dojar ) BE| @2

The remaining of the introduction is aimed at unpacking all the necessary tools to produce and
understand this equation. In red, we have terms governed by cosmology. To understand them, in
Section 1.2, we develop a theory for the evolution Universe composed of dark matter, baryonic
matter, radiation, and dark energy, expanding with rate H(z). In green, we have baryonic matter

6
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overdensity. Since dark matter forms the cosmic web onto which baryonic matter accretes, in
Section 1.3, we first develop a theory of structure formation that describes how dark matter par-
ticles evolve in an expanding Universe and collapse to form dark matter halos. In Section 1.3.4,
we extend dark matter structure formation to baryonic matter and describe the processes govern-
ing the formation of the first stars and galaxies. In blue, we have terms describing the ionisation
state and temperature of the IGM gas which we develop in Section 1.3.5. While the 21-cm line
a direct probe of the amount of neutral hydrogen in the IGM across cosmic time (blue terms), it
is also a valuable cosmological probe (red terms) during the cosmic dawn that has the power to
constrain dark matter models. All of these ingredients come together in Section 1.4, where we
describe CD/EoR observables, ending with this very equation for the 21-cm signal. The goal of
this thesis is to improve the interpretation of modern CD/EoR observations, with a focus on the
21-cm line. The most robust way to interpret observations is with Bayesian inference, as we shall
see in Section 1.5. In this thesis, we improve Bayesian analyses with the introduction of machine
learning applications, as shall be introduced in Section 1.7.

1.2 Cosmology

Modern cosmological models are based on the cosmological principle, which states that, on
sufficiently large scales (= 100 Mpc), the Universe is: (i) homogenous - it looks the same from
any location; and (ii) isotropic — it looks the same in every direction. Think about how these
two properties are independent: a Universe could have a preferred direction and be homogenous
without being isotropic, or it could be isotropic from a single point without being homogenous.
However, if a space is isotropic at every point, then it must be homogeneous. More importantly,
if space is isotropic at one point and homogeneous everywhere, then it will be isotropic every-
where. Observations of the CMB support the idea that the Universe is isotropic from Earth, while
galaxy surveys reveal large-scale homogeneity. Together, these observations combine to support
the assumption of a Universe that is both isotropic and homogeneous, implying a maximally
symmetric Universe that greatly simplifies cosmological modelling. In this section, we study the
evolution of such a maximally symmetric Universe, so the next step is to define how physical
systems move in such a Universe.

From the principle of stationary action, also known as Hamilton’s principle, we know that
the path taken by a physical system when travelling between two points is the one that makes
the action stationary, often corresponding to the shortest path between the two points. In flat
Euclidean space, this path is just a straight line. Recall, however, that in Einstein’s perspective,
mass-energy curves space-time, and the shortest paths, called geodesics, are no longer straight
lines, but curves determined by the geometry of space-time. Motion in curved space-time with
curvature ~ in a maximally-symmetric Universe under the cosmological principle is described by
the Friedmann-Lemaitre—Robertson-Walker (FLRW) metric:

2

d
%+T2d29:|, (13)

ds? = —dt* + a*(t
s +a()L_W

which describes the motion of a particle at (7, 8, ¢) through a space-time that expands or contracts
at time ¢ with scale factor a(t) in spherical co-ordinates, where dQ2? = df?+sin? d¢? corresponds
to the angular separation between the two points defining the path of the particle through space-
time.

Having established how particles move through curved space-time, we now turn to the ques-
tion of how space-time itself evolves in the presence of matter and energy. The relation between
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Figure 1.2: Density parameter 2 for radiation (yellow), matter (purple), and dark energy (black)
as a function of the scale factor a. This plot shows that the matter era ended around 9.4 billion
years after the Big Bang, and that today (@ = 1), we live in a dark energy dominated Universe.
Adapted from Dodelson and Schmidt 202o0.

space-time and mass-energy is described by the Einstein field equation 1.1. Substituting the FLRW
metric into the Einstein tensor G, yields the Friedmann equation:

a\’ 8rtGp+A k
T 3 T (1.4)

a

where p is the energy density of the Universe, and A is the cosmological constant accounting
for the accelerated expansion of the Universe. Looking at the left hand side, we can define the
Hubble parameter H(t) = <. The present-day value of the Hubble parameter H (t;) = Hy ~
0.67 is known as the Hubble constant as its value has been inferred by Edwin Hubble in 1929
when he discovered the Hubble Law.

The Friedmann equation shows that the mass-energy density p is directly linked to the cur-
vature of space-time x. We can define the critical density required for a flat Universe with x = 0:
Pe = %. It is convenient to express any component of the energy density p, as a fraction of this
critical density, defining the density parameter (), = %. Introducing the density parameter into
the first Friedmann equation yields:

Q—1=1Q,, (1.5)

where ), = —7%. This equation explicitly shows how the curvature of the Universe is deter-
mined by the total density parameter 2: {} = 1 corresponds to a flat Universe, {2 > 1 to a closed
Universe, and €2 < 1 to an open Universe. We can further break down the total density {2 into
its main constituents: radiation 7, matter (baryonic and dark) m, dark energy A. The Friedmann
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equation then becomes 1 = Q + Q,, = Q. + Q,,, + Qp + ,;, where Qy = ’;—‘C‘, where p) = %‘

Assuming an equation of state for each component, we obtain:

H ? QO T QO m QO K
— ) ==+ R0 1.6
(Ho) a* a? a? 0:A (1.6)
QO m . .
~ —— + Qo4 for a flat Universe at late times, (1.7)
a

where today we observe €2, =~ 0.3 and 5 = 0.7, {2y, ~ 0, and )y ,, ~ 0. This equation tells
us that in a flat Universe, at early times a — 0, radiation is the dominant component, followed by
the matter-dominated era, and concluding with the dark energy era. We illustrate these different
eras in Figure 1.2.

1.3 Structure formation

In order for cosmic structure to grow, the Universe requires inhomogeneities in the primordial
density field, since a perfectly uniform matter distribution would remain smooth under gravity.
These primordial seeds are observed as anisotropies in the CMB temperature map, at the level
of one part in 10°. These fluctuations provide the necessary density contrasts that, amplified by
gravity, evolved into the large-scale structure we observe today.

Matter in the Universe consists of two main components: baryonic matter and dark mat-
ter, with the latter outweighing the former by about a factor of five. Both components interact
through gravity, but unlike baryons, dark matter does not interact with photons and thus remains
invisible to electromagnetic observations. This property of dark matter has crucial consequences
for structure formation: without it, we would not exist today! Unaffected by radiation, dark
matter can begin collapsing into halos as soon as the Universe becomes matter-dominated at
z ~ 3400. Baryonic matter, on the other hand, remains tightly coupled to radiation through
scattering until recombination at z ~ 1100, after which it can finally fall into the potential wells
created earlier by dark matter. This establishes structure formation as a two-step process: dark
matter first provides the gravitational blueprint, and baryons subsequently amplify it to form the
cosmic web we observe today.

The first step in structure formation is the gravitational clustering of dark matter particles.
In Section 1.3.1, we develop a simple linear model appropriate for describing the growth of tiny
perturbations such as those in the primordial overdensity field of the Universe, where we define
the overdensity as § = p;pﬁ < 1 relative to the mean density p . We then move to the non-linear
regime in Section 1.3.2 necessary to accurately describe the evolution of larger perturbations of
the matter density field 0 = 1 at later times. We then proceed to develop a statistical description
of halo populations through the halo mass function, which predicts the abundance of halos of
different masses across cosmic time.

In Section 1.3.4, we describe how baryonic matter traces the underlying dark matter distribu-
tion, igniting the first stars and galaxies during the cosmic dawn. These first stars and galaxies
subsequently drive the epoch of reionisation whose bulk properties are described in Section 1.3.5.
By the end of this section, we will have painted a coherent picture of structure formation, from
the growth of the earliest dark matter overdensities to the formation of the first galaxies, ending
with the final phase transition of the Universe - the EoR.
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1.3.1  Linear Evolution

During matter domination after z ~ 3400, the Universe is nearly uniform, with only small
dark matter perturbations § < 1 seeded by the CMB. At this stage, gravity is too weak to cause
collapse, and the perturbations grow only with the expansion of the Universe. In this section, we
describe the linear growth of such small perturbations only affected by the expanding Universe.
The linear approximation breaks down once § ~ 1, at which point a non-linear treatment is
required to capture their evolution, as we shall see in Section 1.3.2. Throughout, we assume that
dark matter particles behave as a cold (i.e. non-relativistic), collisionless and pressureless fluid.
Under these assumptions, Newtonian theory is sufficient to describe the evolution of the density
p and peculiar velocity v, of the fluid under the influence of a gravitational field with potential
.

Locally (i.e. in proper coordinates, denoted by subscript p), the dark matter fluid satisfies three
fundamental relations:

9p

« Mass conservation: 37 = —V, - (p v,), where v,(r,?) is the proper velocity of dark

matter particles located at position r and time ¢.

+ Euler equation: % (v, - V,)v, = —V,0, where ¢ is the scalar gravitational potential

field generated by the dark matter particles.
+ Poisson equation: V]%gb = 47 Gp, where GG is Newton’s constant.

To understand the evolution of these perturbations in an expanding FLRW universe, it is
more convenient to transform these three equations from proper to comoving coordinates, with
the proper distance being related to comoving distance by r, = a(¢)V. From this definition, we
can compute the corresponding proper velocity % =T,

V=R=a't,—aa’r, (1.8)
v, =T, =aR + aR = aR + Vpec) (1.9)

where a is the scale factor, and R is the comoving distance. Applying this transformation to all
three equations in proper coordinates above, we obtain them in comoving coordinates:

. Conservation of mass: § +a 'V - ((1+ 6) Vpee) = 0
« Euler equation: V. + H Vpee + a7 'V = 0, where H = % is the Hubble parameter.
« Poisson equation: V¢ = 4rGpya'9.
Keeping only first order terms in §, we can combine these three equations into one:
o+ 2H) = A Gpyo. (1.10)

This equation describes the evolution of cold, collisionless and pressureless dark matter overden-
sities 0 sourced by gravity (RHS) and damped by the Hubble flow (second term on the LHS) in
the linear regime. In the previous Section 1.2, we found that during matter domination a oc ¢2/3
and @ oc t~/3. Substituting these into the equation above, we obtain:

6 oc Cyt ™ 4 Cyt?/3, (1.11)

10
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Imposing initial conditions (ICs) with 0(t) = 0 and (o) = d, we can solve for the constants
and obtain ] = %50750 and Cy = g(SOtg 213, Substituting these back in, we obtain:

2/3
i(t) = 250%0 + gdo (%) : (1.12)
The first term on the right-hand side (RHS), known as the decaying mode, dominates at very
early times. It reflects the expansion of the Universe damping the growth of overdensities due to
the rapid expanion of the Universe. The second term on the RHS, the growing mode, eventually
takes over. It describes gravity amplifying the overdensities once expansion slows enough to
allow for structure to form. The key result is that, during matter domination in the linear regime,
overdensities grow with the scale factor:

(113)

1.3.2 Non-linear evolution

In the previous section, we used linear perturbation theory to show that, during the matter-
dominated era, dark matter perturbations grow linearly with the scale factor as long as they
remain small with 6 < 1. We now turn to the non-linear regime, where perturbations reach
0 2 1 and collapse into gravitationally bound structures known as dark matter halos. In this
regime, linear theory breaks down, and the evolution of the density field can no longer be cap-
tured by a simple growth rate. Since exact analytic solutions are generally unavailable, the stan-
dard approach is to follow the full non-linear dynamics with N-body simulations, in which the
matter distribution is represented by a large number of particles whose trajectories evolve un-
der mutual gravitational interactions. These simulations reveal the emergence of structure on
scales ranging from individual halos to the cosmic web. Alongside them, analytic models based
on idealised assumptions offer simplified but powerful insights into non-linear collapse. One of
the most instructive is the spherical collapse model, later generalised by the ellipsoidal collapse
model, which relaxes the assumption of spherical symmetry. In the following section, we focus on
the spherical collapse model, which distils the complexity of non-linear structure formation into
a tractable framework that provides physical intuition for the key processes driving non-linear
structure formation.

1.3.2.1 Spherical collapse model

In this section, we examine the non-linear evolution of a single spherical overdensity embed-
ded in an otherwise homogeneous universe closely following Mo et al. 2010. Picture the over-
density as an onion: it has a dense core of mass M = %ﬁ(l +0) surrounded by a thin spherical
shell. We assume the motion of the mass shell is non-relativistic and can thus be treated with
Newtonian mechanics. The evolution of the shell is governed by the conservation of energy per
unit mass:

KE + PE + DE = Ei, (1.14)

where E\ is constant for the shell. The first two terms represent the kinetic and gravitational
potential energy, respectively, while the final term on the LHS stands for dark energy (DE). In
a universe with a non-zero cosmological constant A, dark energy behaves as a uniform energy
density with negative pressure. In Section 1.1, we found that py, = # and py = —pp. The
dark energy within a spherical volume of radius r has an effective mass M, = pA§7T7"3, whcih

11
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. 4 .. . . .
produces a repulsive force F = — %2 — _ ”g‘“ r. This is equivalent to a harmonic oscillator

with negative restoring force, yielding a potential energy contribution DE = 1—12/\1"2. Substituting
the classical expressions for potential and kinetic energy, the conservation equation becomes:

- — — —r° = Etot- (1'15)

This equation shows that the fate of the perturbation depends on the competition between
self-gravity and the repulsive effect of dark energy. If Ei,; > 0, the perturbation will expand
forever, while if Ei, < 0, it will eventually collapse. To determine the condition for collapse,
we first need to evaluate the constant E}.. At early times ¢ = ¢;, we assume the shell is simply
following the Hubble expansion. Under this assumption, the initial kinetic energy of the shell is:
1 1
KEi = §r12 = 5 (Hl I'i)2 . (1.16)
We write the gravitational potential energy assuming the spherical overdensity has mass M; =
373 p;. Substituting p; = p;(1 + 6;), we obtain:

GM; G4 1
PE; = — = ——gﬁrf’ﬁi(l + ) = —§Qiri2H2(1 + 6i), (1.17)

Ij I

where in the last step we used the definition of the density parameter §2; = p;/p.. Finally, for the
dark energy term:
A
DE; = —gr?. (1.18)
Combining kinetic, gravitational, and dark energy contributions, the total energy per unit mass

of the shell is:

1 55 A
Eior = §Hi T (1 —Q(1+8) — 12H2> . (1.19)
Since overdensities can collapse when Ei; < 0, in order to collapse, an overdensity must satisfy:
A
THZ? +1< Qz(l + 52) (1.20)

In the absence of dark energy, all overdensities eventually collapse as ¢ — oo in a flat or closed
universe since 2; ~ (),, = 1 in the early matter-dominated universe. As expected, a non-zero
cosmological constant raises the critical overdensity threshold required for collapse.

The time for an overdensity to reach its turnaround radius 7,,,, Where it stops expanding and
begins to collapse, can be found by setting * = 0 in Equation 1.15. At turnaround, the total energy

per unit mass is Eyo = — M — A2 Solving equation 1.15 and introducing the dimensionless

Tturn 6

variables ( = T & = 7'/, We obtain a convenient integral expression for the time:

GM >
1 C’ /T/Tturn |:1 9 :| 71/2
t=— ] — dx |- —14+((x*—1 , 1.21
HOHQA,O i ~ ¢( ) (1.21)

where (1) o = 3% as we had from Section 1.2. This equation allows us to compute the collapse
0

times of spherical overdensities in a ACDM Universe, explicitly showing the effect of dark energy
in delaying or preventing collapse. Integrating this equation from o to 1 by setting r = ry,m), we
solve for the time until the shell reaches its turnaround radius, ¢;y:

1 ¢ N —1/2
ttum_Fo Q_A,O/o dx {;—1—1—((}(2—1)} ) (1.22)

12
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After reaching the turnaround radius 7, at time ¢y, the spherical shell begins to collapse, and
its evolution is then described by:

1 ¢ [ 1 ) —1/2
t=tiun + —1/ — dx |1 — — — —1 . .
ot A / o { - )] (1.23)

Approximating the integral for early times ¢;, when r; < r¢,m, the spherical shell grows as:

-\ 3/2 .
t; = 2 ¢ ( i ) {1—}—3 ik (1—}—()]. (1.24)

3Hy \| Qo

This expression can be further simplified for a flat Universe with €2,,, o + {24 o = 1 at early times
t; < to by substituting Qa i/ = Qa0/Qmo(1+ 2) "%

9 o7t -1

m,i

ti =
3H, Qpp

(1.25)

Taking the limit r; /7, < 1 and keeping only first order terms, Equation 1.24 simplifies to:

O 1/3
i/ Tourn = (anzf) . (1.26)

Substituting this back into Equation 1.24 by replacing the LHS with Equation 1.25 and the RHS
7i/Tturn With the approximation and keeping only first-order terms, we obtain a more accurate
approximation for the initial-to-turnaround radius ratio:

T Qn i 8 1 O V8
A ’ 1—-(1 — . .
Tturn (Qm,lC) 5( * C) Qm,zC (1 27)
Re-introducing ¢ = %g“]\j[“ and using the expression for the mass of the spherical overdensity
M = %m‘f’ pi = %7‘("/“?(1 + 6;)$%.ipe, We obtain an expression for the initial overdensity of the
shell:
3 Qp \ 2
0 =—(1 — . .28
200 () (1.28)

It is more convenient to write this expression in terms of the present-day overdensity dy, which is
obtained by linearly extrapolating d; with the growth factor g and its corresponding scale factor

a:
/3
aogo 3 Qa0 )’
5o = 20905 51 o) .

° 7 g 590( 9 <Qm,oC) (129)

where we take g; — 1 for a; < ag and ap = 1 by definition. Assuming that the spherical shell
collapses at time t.,) = 2t,m, We can relate Jy to the collapse time using the integral expression
for iy from Equation 1.22 yielding the critical overdensity at the time of collapse:

3 Q0 1/3
0lte) = Salten)(14.0) () (1.30)
5 m7tcollc
which is often approximated by:
3 /37\*?
oton) = 2 () (P ~ 1686, (151

13
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Figure 1.3: Illustration of the spherical collapse model. In plot a, we show the onion model of the
spherical overdensity with a dense core surrounded by thin spherical shells. In plot b, we show
the spherical shell collapsing toward the core. In plot ¢, we show that the dark matter particles
slow down as they approach the centre of the overdensity but they do not actually concentrate
into a single point. In plots d,e, and f, we show shell crossing as the dark matter particles fly
past each other in red and expand again. They will continue oscillating about the centre of the
overdensity, eventually virializing into gravitational equilibrium. Credit: R.J. Hall.

where in the second equality we drop the weak dependence on (2,,. Equivalently, we can also
express this equation as a function of z..; at which the overdensity collapses to a point at the
center of the shell and §(zcon) — o0:

1+ Zeoll = ¢

5 1.686 (1.32)

where we assume that the growing mode dominates and use 9, = %&acon /a; as we have obtained
at the end of Section 1.3.1. This equation illustrates that perturbations require a very long time
to collapse, on the order of the Hubble time. For instance, a large perturbation with §, = 0.1 at
z; = 100 would collapse at z.,; = 2.6, which corresponds to over 2 Gyr! Perturbations of order
107% — 107 as observed in the CMB around z ~ 1000 have not yet collapsed, and perhaps may
never do so given that we are no longer in a matter-dominated universe, but in a dark energy-
dominated one. This highlights the importance of starting simulations at very high redshift to
allow sufficient time for structure growth. Dark matter decoupling from the CMB at z ~ 3400,
much earlier than baryons at z ~ 1000, was absolutely essential as it allowed dark matter to form
gravitational wells early, thus speeding up baryonic structure formation and ultimately enabling
the formation of galaxies as well as our existence!

To avoid specifying both ¢; and z;, we can re-write Equation 1.32 in terms of its linear extrap-
olation to the present-day overdensity 6 = 26;(1 + z;):

0
1.686°

In all of the derivations above, we assumed that the spherical shell collapses to a point at
the centre of the overdensity at time t.oy = 2ty While this approximation is valid during
the early stages of collapse, in reality, however, the collisionless and pressureless nature of dark
matter particles will have them experience shell crossing during which particles pass through
each other and oscillate about the centre of the shell like a damped harmonic oscillator, rather

14 zeoy = (1.33)
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than concentrating into a single point. A great visualization of the spherical collapse model with
shell crossing can be found here, but we also illustrate shell crossing in plots d, e, and f in Figure
1.3. This process is also referred to as virialization, as the dark matter halo reaches a gravitational
equilibrium during this period of oscillation.

Although shell crossing is challenging to model analytically, we can estimate the final density
of a virialized dark matter halo using the virial theorem, which states that for a system in equilib-
rium KE = —%PE. At the turnaround, we have E;; = PE; ., = —% Applying conservation
of energy with the virial theorem, we obtain:

2I<]Evir + PEvir = Etot (134)
1GM GM
—5 - — (1~35)
Tvir Tturn
. (1.36)
Tvir = ZTturn- 1.
2" :

This relationship between the turnaround and virial radii implies that the virial density is py;, =
23 peurn- Using Equation 1.29 to estimate ., and Equation 1.32 to relate to the collapse redshift,
we can write the turnaround density as pun = (1 + Sturn)Po(1 + Ztum)®. This yields the final
virial density:

puie = 18775, . (1:37)

This equation implies that a virialised halo has a density 1872 &~ 180 times higher than its back-
ground density at the time of collapse.

The spherical collapse model may be simple, but it provides valuable insight into the evolu-
tion of a collapsing mass shell. The shell initially expands with the Hubble flow. Its expansion
eventually slows as it reaches a maximum radius r,,, after which it begins to collapse. The mass
shell is then said to have collapsed when its overdensity reaches a linearly-extrapolated value
of 1.686. In reality, however, the shell does not collapse to a single point, and shell crossing be-
gins sometime before the collapse time. Our simple calculations do not describe shell crossing.
Instead, we study the spherical shell as it virializes, reaching a gravitational equilibrium during
shell crossing. A virialised structure is roughly half its maximal size and has a density about 180
times higher than the background density at the time of collapse.

While the spherical collapse model offers valuable intuition for the formation of a single dark
matter halo, the universe contains countless such perturbations. Extending this simple model
to multiple independent perturbations provides some insight, but it misses the bigger picture:
the goal is not only to describe individual structures, but rather to uncover the statistical laws
governing structure formation in the Universe.

1.3.3 Statistics of collapsed structures

In this section, we focus on the statistical properties of dark matter halos. The most direct
description of a halo field would be to specify the overdensity d(x) at every point in real space, or
equivalently its Fourier modes dg. This, however, is impractical: & is continuous and unbounded,
so specifying the full density field would require infinitely many numbers. Fortunately, such a
detailed description is unnecessary if we think of the Universe in statistical terms.

A useful analogy is rolling a dice. We do not care about the outcome of a particular throw—say,
rolling a 2—but about the statistical law that governs the process, i.e. P(2) = 1/6. Our Universe
is like that single roll: one realisation of an underlying random process. Instead of reconstructing

the exact cosmic density field 6 (), we aim to describe the statistical process capable of generating
such a field.
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CMB observations suggest that the primordial density field of the Universe is well-approximated
by a homogeneous and isotropic Gaussian random field. In statistical terms, a Gaussian random
field is fully specified by its mean and covariance:

(0) = 0, (3105) = T, (1.38)

where the first property comes from the definition of the overdensity, and the second defines the
covariance matrix. Since our Universe is homogeneous (translational invariance), the covariance
matrix in real space can only depend on the distance between two points, rather than the position
of each point, i.e.:

<5P15P2> = <6P15P1+~’1312> = <5i12>7 (139)

where x5 is the distance between points p, and p,. Isotropy (rotation invariance) on the other
hand implies that the covariance matrix cannot depend on x;, i.e. a vector pointing in some
direction, but only on its magnitude |x13| = x. Translating these two facts to Fourier space
makes the covariance matrix diagonal due to homogeneity and only a function of the Fourier
magnitude |k| = k:

(0x]%) = 0}, (0x0;) = O for k # j. (1.40)
Let us now take the real space covariance matrix from above and write it using standard (inverse)
Fourier transform convention and substituting equation 1.39:

vt -
(6%) Ot / d®k (0 07)el kP (1.41)

v 3, 2

= ok /d k oy (1.42)
v 2 2

= 2n)? /dk ko, (1.43)
V-t [dk

=52 | % Ko} (1.44)

E/dlogk A (1.45)

where the third equality is obtained by integrating over all directions in spherical coordinates.
The last two steps define A2, the spherically-averaged matter power spectrum (PS) per logarithmic
k-bin. This derivation shows that a Gaussian random field is completely specified by its PS. It’s a
ubiquitous quantity and we shall see it many times throughout the thesis. Note that intrinsically
A? has the same dimensionality as the real-space field and thus is 3D quantity when calculated
over a density field in real space.

While the power spectrum is defined at all scales, including arbitrarily small ones, in practice,
we are only interested in computing it at some scales of interest such as the scales relevant to
structure formation. We filter out the unwanted small scales by smoothing the density field to
retain only scales above some threshold by applying a window function that acts as a low-pass
filter.

A typical window function, at a given scale, will be associated with a volume and a corre-
sponding mass. The most common window function is a spherical top-hat in real space with
enclosed mass M = Vp = %WR?’E at a given scale R. We can re-write our previous definition
of the power spectrum now including the window function which gives the power spectrum
probing scales larger than a scale of interest R:

o2(R) = (82)) = / dlogk AZW?, (1.46)
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where W), is the Fourier transform of the window function. o3,(R), as we shall see shortly, plays
a central role in the statistical description of structure formation.

In the early Universe, where the density field evolves linearly, the variance of perturbations
on scale k at redshift z can be expressed in terms of the growing mode D(z, k) [Eisenstein and
Hu, 1999]:

op oc k"T?(k)D?(z, k), (1.47)
where n is the spectral index of the primordial power spectrum and 7'(k) is the transfer function.
The transfer function accounts for the suppression of growth at smaller scales due to processes
such as radiation pressure, baryon acoustic oscillations, and the transition from radiation to mat-
ter domination. The growth factor D(z, k) describes the linear growth of perturbations during
the matter-dominated era and is normalised to be unit at present-time. Together, these bridge
the gap between the nearly scale-invariant primordial fluctuations predicted by inflation and the
matter power spectrum observed at later cosmic times.

1.3.3.1  Press-Schechter formalism

The power spectrum or equivalently the variance offer a convenient way to describe the den-
sity field in a statistical sense. In this section, we use the variance as a tool to study the statistics
of dark matter halos. We start by writing the probability density function (PDF) of finding an
overdensity of mass M and corresponding scale R at redshift z:

1 52
M M

In section bla, we used the spherical collapse model to find that regions in the linear density
field with density above the critical density 0.(z) ~ 1.686 have collapsed into a virialized dark
matter halo. We are interested in determining the collapsed fraction which is the fraction of dark
matter in the Universe that resides in collapsed structures of mass greater than M), at redshift z:

o0

feon(> My, 2) = /

1.686

1 dc(2)

P(6pr,2) doy = 2erfc (\/ﬁaM(Mh,z)> : (1.49)
where we obtain the collapsed fraction by integrating the PDF from the previous equation over all
overdensities above the critical overdensity 1.686. Here, erfc refers to the complementary error
function. When Press and Schechter first de-
rived this equation in 1974, they noticed a puz-
zling issue: the collapsed fraction should ap-
proach unity as M, — 0, but instead the for-
malism gives feon(> Mp,2) — % They cor-
rected this by inserting a fudge factor of two.
This discrepancy, however, is not merely a
mathematical quirk—it reflects a deeper physi-
cal issue that later became known as the cloud-
in-cloud problem, illustrated in Figure 1.4.

A useful analogy is to imagine a small
rocky island protruding above the ocean sur-
face. Diving below, one sees that the island is
just the visible tip of a much larger underwater
mountain. The island is not an isolated struc-
ture, but part of a larger whole. Similarly, an

Figure 1.4: Illustration of the cloud-in-cloud
problem: three smaller halos with density above
/ below the critical density that are actually part
of one larger halo with density above the critical

density. Figure from Murray 2017.
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overdensity identified on small scales may actually be embedded within a larger-scale overdensity
that itself collapses into a halo. Conversely, underdense regions may lie within a larger overdense
region that ultimately collapses. The original Press—Schechter formalism double-counts or misses
such contributions, explaining the need for the missing factor of two.

Recognizing this issue was pivotal: it highlighted that properly describing halo statistics re-
quires tracking how overdensities evolve across different scales. This realization directly moti-
vated the excursion set formalism [Bond et al., 1991], which provided a more rigorous framework
for resolving the cloud-in-cloud problem.

The key idea is to fix a point in space x; and vary the smoothing scale M), around it. At very
large scales (M}, — 00), the smoothed density field is completely uniform, and its variance is zero
by construction. As we decrease the smoothing scale, the density contrast d,, fluctuates up or
down with equal probability, producing a stochastic random walk because the underlying field is
Gaussian. Repeating this procedure for many spatial points yields an ensemble of such random
walks — the excursion set. The solution to the cloud-in-cloud problem comes from counting only
the first up-crossing of the collapse threshold J.: the first time a trajectory becomes dense enough
to collapse as the smoothing scale is decreased. This “first-crossing” condition ensures that small-
scale overdensities embedded in larger collapsed regions are not double-counted. By treating
halo formation as a stochastic process governed by first-crossing statistics, the excursion set
formalism naturally recovers the Press—Schechter mass function — now with the missing factor
of two accounted for.

Differentiating the corrected Press—Schechter collapsed fraction — i.e. the version that in-
cludes the additional factor of two obtained from the excursion set solution to the cloud-in-cloud
problem — with respect to halo mass, we obtain the halo mass function, which gives the comoving
number density of halos of mass M}, at redshift z:

2
dons exp ( 5C—(Z)> : (1.50)

dfcoll(> M) - 2 56(2)
dM _\/;a@(M) aM - 202,(M)

which is the fraction of collapsed mass inside halos in a mass range around M. More typically,

) ) o d M dn(>M
however, we will refer to the halo mass function as a number density since Jeon(>M) _ M dn(>M) ,

dM Py dM
giving us:

dn(> M) . Edfcoll(> M)
dM M dM
which now gives the number of halos per unit volume in some mass bin M. The halo mass func-
tion is the key connecting models of structure formation such as the Press-Schechter formalism
to observations such as galaxy surveys for example...
When comparing the Press-Schechter halo mass function to numerical simulations, we find
that they agree remarkably well over a wide range of scales.

(1.51)

1.3.4 Cosmic dawn of the first stars and galaxies

So far, we only discussed how dark matter particles evolve. But what about normal matter
aka baryons? Baryons follow potential wells formed by dark matter to eventually form stars and
galaxies. There are two key properties of baryonic matter that dark matter does not have: (i)
be pressure supported against gravitational contraction; and (ii) interact with radiation which
allows it to cool and heat.

Following the same steps as in Section 1.3.1, we obtain the linear evolution of non-relativistic
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and collisionless baryonic matter perturbations (in Fourier space) due to gravity and pressure:

: 2 2
5+ 225, = [47er _k g] 5. (1.52)
a a
Note how this equation is exactly the same as equation 1.10 with the addition of the pressure

term on the RHS, where c; is the speed of sound.

Allowing for the particles to be pressure-supported lets us introduce the Jeans quantities that
correspond to the threshold where pressure support turns on and prevents further gravitational
collapse. Setting the RHS of the above equation to zero, we derive the Fourier scale £ at which
pressure support is equal to gravitational attraction, also known as the Jeans scale:

k2 c? _
2 = AnGp (1.53)
a
ky= C—\/47rGﬁ. (1.54)

Only perturbations with k < kJ can grow. Converting the Jeans scale into real space, we define
the characteristic proper Jeans length \; = i—j:

AJ = Coy| A= (1.55)

This is the distance a sound wave can travel in one gravitational free-fall time, tg = 1/1/Gp. If
A > )\, gravity dominates over pressure and perturbations collapse; if A < A, pressure support
prevents collapse, leading to free-streaming damping. In the collisional case, A < A; instead
leads to acoustic oscillations rather than complete erasure.

The Jeans mass is then the characteristic mass above which structures can collapse:

4 )\J 3
My=— 1= p .56
= ( 5 ) p (1.56)
We can write the sound speed of an ideal gas as ¢? = ngnZ, where 7' is the gas temperature,

(¢ is the mean molecular weight, and m,, is the proton mass. From the previous equation, we see
that the Jeans mass is therefore sensitive to both the gas temperature and the background density.

As the Universe evolves, both 7" and p change with redshift, and so does the Jeans mass. At
very high redshifts (¢ ~ 100), the baryons are still thermally coupled to the CMB, yielding a very
high Jeans mass: M; ~ 105 — 10%, M. This is far too massive for small-scale perturbations to
collapse, preventing star formation.

After thermal decoupling at z ~ 150, the baryon temperature begins to cool adiabatically,
while the density still scales as p oc (1 + 2)3. The Jeans mass therefore decreases rapidly with
time. By z ~ 30, the Jeans mass falls to M; ~ 10%, M, finally allowing gas in sufficiently
overdense regions to collapse.

In the early Universe 3400 < 2z < 1100, baryons are still tightly coupled to photons. Such
hot gas can be modelled as a relativistic fluid with speed of sound ¢, = ¢//3. Since M o 2, we
end up with a very high Jeans mass M; ~ 10'® M, that is much larger than the mass of a typical
galaxy! Recall, however, that in the meantime, dark matter that does not interact with photons
is free to start forming structure.

While the Jeans mass controls baryonic structure formation on large scales, on smaller scales,
baryons do not evolve on their own: they follow the potential wells already dug by dark matter.
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Baryons accrete onto already formed dark matter halos and thus get gravitationally heated to

the virial temperature of a dark matter halo. Applying the virial theorem KE = —% PE (see
end of Section 1.3.2), we find that an ideal gas heated by falling into a gravitational potential PE
= — &M has virial temperature:
2/3
v Mh 147z Qm 0 1 Av:
Toi ~ 10° K- : , .
0.6 (108M@> ( 10 ) { 0.3 Qu(z) 1872 (1:57)

where A, = p/p is the mean density of a dark matter halo of mass M) and p is the mean
molecular weight of the baryonic gas that depends on its ionization state: ;1 ~ 0.6 for fully ionized
hydrogen gas and goes up to pt ~ 1.2 for fully neutral hydrogen gas. The virial temperature is
thus a much more relevant quantity than the mean temperature of the intergalactic medium
(IGM) when considering the conditions for the formation of the first stars. For star formation
to occur, baryonic gas must be able to radiate away the heat it acquires as it collapses within
the gravitational potential of a halo. This highlights a key distinction between dark matter and
baryons: while dark matter is collisionless and unable to shed energy, baryonic gas can cool
radiatively, allowing it to collapse to much higher densities.

Efficient cooling is therefore the critical ingredient that enables star formation. Primordial
gas, composed almost entirely of hydrogen and helium, relies on these elements for its cooling
pathways. Atomic hydrogen becomes inefficient at temperatures below 7" ~ 10* K (e.g. Barkana
and Loeb 2001), which, according to equation 1.57, corresponds to halos of mass ~ 108M, at
z ~ 10. The very first galaxies must therefore have relied on an additional cooling mechanism:
molecular hydrogen (Hs,). Conveniently, H2 is an efficient coolant at 7' < 10* K, precisely where
atomic hydrogen and helium cooling shut off, and can cool gas further down to 7' ~ 10 K (e.g.
Barkana and Loeb 2001, Abel et al. 2002, Bromm and Larson 2004). This corresponds to halos
with masses ~ 10° — 10"M®. However, molecular hydrogen is fragile, and its abundance is
easily reduced by environmental effects. In particular, H, is readily destroyed by radiation in the
Lyman-Werner (LW) band (~ 10.2-13.6 eV), which is produced once the first stars form. As a
result, the formation of stars in neighbouring halos could be strongly regulated or even entirely
suppressed by LW feedback. Understanding when and how H; ceases to be an effective coolant
remains an active research area today (e.g. see Holzbauer and Furlanetto 2011, Fialkov et al. 2013,
Wolcott-Green et al. 2017, Schauer et al. 2021, Mufioz et al. 2022). Key uncertainties include the
precise Hs formation rates in different primordial environments and the impact of LW feedback,
which can dissociate Hy, molecules and thereby suppress star formation in nearby halos.

When H; cooling is effective, the gas can continue collapsing and radiating away thermal
energy until it becomes compact enough to form the first generation of stars. These so-called
molecularly-cooled galaxies (MCGs) host Population III (Pop III) stars, which are thought to be
massive, short-lived, and metal-free. Their nuclear burning rapidly synthesises heavier elements
— metals such as carbon (C), nitrogen (N), and oxygen (O)—which are dispersed into the interstel-
lar medium (ISM) and eventually the intergalactic medium (IGM) through energetic winds from
supernova (SN) explosions. Metal enrichment fundamentally changes star formation. Metals and
dust grains introduce efficient new cooling pathways, enabling the transition to the next genera-
tion of stars in atomic-cooling galaxies (ACGs), also known as Population II (Pop II) stars. These
stars are less massive and longer-lived than their Pop III progenitors, and their properties more
closely resemble stellar populations observed in present-day galaxies. Observationally, this tran-
sition from Pop III to Pop II star formation remains one of the central frontiers in high-redshift
galaxy studies. Spectroscopic surveys with instruments such as JWST probe the metal content of
high-redshift galaxies, tracing the build-up of heavy elements and their relation to stellar mass
and star formation rate (SFR). Early results indicate a relatively tight relation between stellar
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Figure 1.5: History of the Universe, updated from Figure 1.1 with modern simulations. Neutral
gas is shown in black. The cosmic web formed by dark matter is in orange, while ionised bubbles
carved by the first stars and galaxies are in pink. Credit: Adapted from NASA/WMAP Science

Team; R. Ellis (Caltech)

mass, metallicity and SFR (e.g. see Mannucci et al. 2010) extending up to z ~ 14, providing
critical clues about the timing and efficiency of metal enrichment in the first galaxies.

1.3.5 Epoch of reionisation

Only a few percent of all baryons are in stars and galaxies, while most of them are actually
in the diffuse IGM between the galaxies. The first stars form from primordial gas in the IGM.

Figure 1.6: Slice of the Universe as it evolves dur-
ing the EoR. At z ~ 15, the first stars and galax-
ies form in a completely neutral IGM shown
in yellow. These galaxies heat the surround-
ing IGM, creating ionised bubbles shown in blue.
The ionised bubbles grow and merge during the
EoR z ~ 12 — 7, until a completely ionised IGM
is observed by z ~ 5. Credit: Benedetta Spina.

21

As the Universe forms more and more
galaxies, the gravitational heat they all radi-
ate away begins to heat and ionise the neutral
IGM gas around them. These ionised bubbles
surrounding galaxies expand and merge over
time as they occupy an ever-growing fraction
of the volume of the Universe. This so-called
epoch of reionization (EoR) is the final phase
transition of the Universe as the neutral IGM
becomes completely ionized as we observe it
to be today. We can describe the IGM by trac-
ing its volume-averaged ionisation state and
temperature.

A simple model for the volume-averaged
ionisation history depends on (i) the properties
of the ionising sources i.e. galaxies; and (ii) the
properties of the intergalactic gas such as its
clumpiness which can cause ionised gas to re-
combine and thus become neutral again. The
mean free path of ionizing photons through
the IGM is very short. As a consequence,
to first order, the ionization state of the IGM
is well-described by highly ionised regions
mixed with gas that is mostly neutral. We
can thus write the volume-averaged ionization
fraction Quy = (Tionisea) @s competition be-
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tween photoionization (first term on RHS) and recombinations (second term on LHS) following

Lidz 2016:
dQHII o d(Nion/<nH>) N QHII

dt dt trec

where £, is the average recombination time for ionised hydrogen in the IGM. We further unpack
each of these two terms by relating them to galaxy and IGM properties, respectively. We relate
the source term to galaxy properties by assuming that each dark matter halo above mass M,
hosts a galaxy which emits ionising photons at a certain efficiency (. We can thus write the
cumulative number of ionising photons emitted per hydrogen atom as:

esc * Nw
Nion = Cfcoll(> Mmin) =40 (él) (({.—1) (400/8) fcoll<> Mmin)a (159)

(1.58)

where we model the ionizing efficiency ( as a product of three galaxy properties, each an active
research topic even today: (i) the stellar fraction f, is the fraction of baryons within stars which
depends on the star formation efficiency and is expected to be of order percent (e.g. see Dayal
et al. 2014, Mutch et al. 2016, Park et al. 2019); (ii) the number of ionising photons per stellar
baryon N, ,, which depends on the initial mass function (IMF). The IMF is a probability density
function which describes the likelihood of a star to have a certain mass when it is formed. Pop
II stars are expected to produce roughly 4000 ionising photons during their lifetime, while pop
III stars, which are on average more massive than pop II stars, are expected to produce about an
order of magnitude more (e.g. see Tumlinson and Shull 1999, Schaerer 2002); and (iii) the escape
fraction f.s., which is set by the dynamical and thermal evolution of galaxies. For example, strong
winds caused by supernova feedback may eject gas out of the galaxy, thus clearing the way for
ionising photons to escape. Current observations of galaxies at lower redshifts ~ 3 — 4 suggest
values of order percent (e.g. see Steidel et al. 2001, Inoue et al. 2006, Shapley et al. 2006), while at
higher redshifts, escape fractions are also expected to be higher due to more efficient supernova
feedback in fainter galaxies (e.g. see Kimm and Cen 2014, Paardekooper et al. 2015, c.f. Ma et al.
2020).

Similarly, we can relate the recombination time to IGM properties. The rate at which ionized
gas in the IGM recombines scales as density squared. The volume-averaged recombination rate
thus depends on C' = @, also known as the clumping factor inside the ionised IGM,
which we expect to be of order unity - few during the EoR but could be larger at the earlier
stages of the EoR (e.g. see Pawlik et al. 2009, Emberson et al. 2013). We can now write the
average recombination time as:

_ C\ [14+2\7° Ty 07
trec =0.93 Gyr (g) ( 7 ) (m) . (1.60)
Substituting these last two equations into equation 1.58 and simplifying, we obtain:
dQHII -
dt = fescf*N'y/bfcoll(> Mmin) - OéB”HCQHI- (1'61)

Armed with a model for the ionisation state of the IGM, we can now describe its thermal
evolution. We begin by modelling the IGM as a classical ideal gas in local thermal equilibrium
with kinetic temperature:

2U

Ty =
K 3an’

(1.62)
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where U is the total internal energy of all gas particles in the system and 7 is the number density.
In the IGM, we have n ~ n;(1 4 z;). Taking the time derivative and applying the chain rule, we
obtain the temperature evolution of the IGM temperature:

T 2 {EU — gn} : (1.63)

:% n n?

Applying the chain rule on our previous approximation, we have that 7 ~ 7,(1 + ;) + np;.
Unpacking U = Q) + U,gia and U,gia = %(1 + x;) kT 1. Putting everything together, we obtain
[Hui and Gnedin, 1997]:

: 2Ty . Txii 20)
T = —2HT —
K K+ 3(1+9) 14z * 3kpny(1+ x;)’

where the first two terms describe adiabatic cooling/heating, the third term describes the change
in energy due to change in the number of particles, and the last term describes IGM heating per
unit volume by gas particles from the surrounding radiation field sourced by galaxies.
Interpreting this equation, we have that
at early times 200 < z < 1100 the baryon
temperature is coupled to the CMB through
Compton scattering. During the dark ages
20 < z < 200, the Universe expands and adi-
abatic cooling takes over the Compton heat-
ing. With the cosmic dawn of the first stars
around 10 < 2z < 20, the IGM is heated by
the X-rays emanating from these first galax-
ies. As the IGM begins to reionise during the
EoR around 6 < z < 10, ionised regions can
reach temperatures of about 10* K while neu-
tral regions can remain as cold as 100 K.

(1.64)

1.4 CD/EoR Observations

In the previous sections, we described very

Figure 1.7: Theoretical model of the thermal his-  simple models for the formation of the first
tory of the IGM (solid red line). At low redshift, gtarsand galaxies. We then developed a simple
the IGM gas becomes multiphase, hence the bi- description of the thermal and ionisation his-
furcation of the temperature curve. Figure from tory of the IGM and related them to galaxy and
McQuinn 2016. IGM properties. We know that reality is much
more complex. Observations provide guidance

to improve these simple theories and make them more realistic. In this section, we discuss four
common observational probes of the CD/EoR that shall be used throughout the rest of the thesis.

1.4.1 Optical depth to the cosmic microwave background

CMB photons scatter away from the line of sight as the EoR produces free electrons thus
increasing the ionised electron column density n. between us and the last scattering surface at
z ~ 1100. One of the most powerful probes of the imprints of the EoR on the CMB is the power
spectrum (PS) obtained from large-scale E-mode polarization anisotropy maps as observed by
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CMB experiments such Planck (e.g. see Planck Collaboration et al. 2020) and WMAP (e.g. see
Bennett et al. 2013). EoR affects the CMB PS in two main ways: (i) it scatters CMB photons thus
blurs primordial CMB anisotropies. It affects the CMB PS amplitude at all scales; and (ii) the re-
scattering of CMB photons from free electrons released during the EoR produces a bump on the
CMB polarization (so-called E-mode) PS. The position and height of this bump is determined by
the EoR midpoint and duration.

In addition to the E-mode polarization PS, the effect of the EoR on the CMB can also be

described via the globally-averaged Thomson optical depth to the CMB:

ZLSS
T, = < / dz
0

(1.65)

neUT> )
LOS

where op is the Thomson scattering cross section and n. is the electron number density. A

e e AR E e e e AR
ACT+Planck++ 2025 0.0632 *9:9022
CLASSxPlanck 2025 0.053 *3:318

¥ Planck_PR4 2023 0.0578 = 0.0061
! Planck_PR4 2021 0.051 £ 0.006
y Planck_PR3+S2 2019 0.059 + 0.006
* Planck_PR3++ 2018 0.0561 = 0.0071
I Planck_PR2++ 2015 0.066 =0.012
*WMAP9++ 2013 0.081+0.012
WMAP1++ 2003 0.117 = 0.055
Boomerang prior 2002 <05
R X I Y R T R VR Y

Optical Depth to Reionization, ©

LAMBDA - Jun 2025

Figure 1.8: Thomson scattering optical depth to
the CMB measurements from various CMB ex-
periments over time with most recent at the top.
The values of 7, plotted here assume an instanta-
neous reionisation model at some redshift z,eion
for the ionisation fraction where the Universe is
fully neutral before 2., and fully ionised af-
ter Zeion. The gray vertical line, representing
the weighted average of WMAP and Planck data
points, is positioned at 7. = 0.0580. Image
credit: NASA / LAMBDA Archive Team.
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higher 7. implies earlier or more extended
EoR, while a lower 7, implies a later or shorter
EoR. Calculating 7. requires a model for n.
and therefore requires a parametrization of the
ionization fraction. Typically, CMB experi-
ments assume a simple and often non-physical
shape for the reionisation history such as an
instantaneous EoR or a hyperbolic tangent
EoR. In Figure 1.8, we show values of the
Thomson optical depth as reported by var-
ious CMB experiments over the last twenty
years under the assumption of an instanta-
neous EoR. Under this assumption, the Uni-
verse is considered completely neutral un-
til some reionization redshift z,.., and com-
pletely ionised after it. As such, redshifts
Z > Zpeion do not contribute to the Thom-
son scattering optical depth, as there are no
free electrons during that time, and 7,
Treion- For example, the most recent (top)
value in Figure 1.8 obtained from Louis et al.
2025 assuming an instantaneous EoR mea-
sured 7, = 0.06321)502% (68%CL) with a cor-
responding reionisation midpoint at zyeion =
8.471951 Qin et al. 2020 has found that 7, is
highly model-dependent i.e. the choice of ion-
isation model can significantly affect the re-
sulting value. They re-analyse the CMB PS
from Planck [Planck Collaboration et al., 2020]
which report 7. = 0.0522 £ 0.0080 with the
hyperbolic tangent model and instead obtain
7. = 0.05697 0 oss With a realistic EoR history.

~
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1.4.2 Ultraviolet luminosity functions

Galaxies, especially those with young stars that emit many ionising photons, are prime can-
didates for driving the EoR. In Section 1.3.5, we considered a simple model for the EoR with
galaxies as our primary ionising sources. To test this model, we need to measure whether galax-
ies are abundant enough and bright enough to produce enough ionising photons to drive the EoR.
High redshift galaxy surveys test such theories by providing the number density, luminosity, and
other galaxy properties, thus linking galaxy formation to the ionization history of the IGM.

In Equation 1.59 in Section 1.3.5, we saw that the photon budget available to ionise the IGM
depends on four main galaxy properties: (i) the number of galaxies; (ii) the number of stars in
those galaxies; (iii) the number of ionising photons per stellar baryon; and (iv) the fraction of
ionising photons that escapes into the IGM. Ionising radiation with rest-frame < 900 A gets
absorbed by the galaxy itself before it reaches the IGM. Galaxy surveys thus observe in the rest-
frame ultraviolet (UV) band ~ 1500 A as it is a direct tracer of young and massive stars which
dominate the ionising photon production that can actually escape the galaxy into the IGM. The
UV luminosity function (LF) provides the number density of galaxies per UV magnitude bin, Myy.
The UV luminosity observed by galaxy surveys is related to the UV magnitude via Oke and Gunn

[1983]:

L
log (#) = 0.4 x (51.63 — Myv). (1.66)
gs z

The UV luminosity can then be related to the star formation rate (SFR) via:

M.(My, 2z) = Kyv x Lyv, (1.67)

where Kyy is often taken to be a constant Kyy = 1.15 - 1072Myyr~! Hz s erg™! (e.g., Madau
and Dickinson 2014, Sun and Furlanetto 2016).

UV LF observations (e.g. Bouwens et al. 2015, 2016, Oesch et al. 2018, Harikane et al. 2023), as
shown in Figure 1.9, support the theory that the dominant sources of ionizing photons during the
EoR are star-forming galaxies. In particular, they find that it is the most abundant, faint and low-
mass galaxies (right side on the plots in Figure 1.9) that are thought to be the main drivers of the
EoR, in spite of them having lower SFRs and lower UV output individually. UV LF observations
during the EoR therefore constrain the astrophysics governing ionising photon production in
galaxies via e.g. the star formation rate as well as the efficiency with which these photons escape
into the IGM.

1.4.3 IGM Lyman-a damping-wing absorption

While galaxy surveys constrain the global ionising photon budget, rare galaxies hosting the
brightest quasars at their core probe individual lines of sight through the IGM. In Figure 1.10, we
illustrate how an extremely luminous quasar at high redshift z..,; acts as a flash light, illuminating
the IGM along its line of sight.

The quasar emits light with an intrinsic flux Fj, in particular with strong emission in the Ly«
band. As its light travels through the IGM and is being redshifted, neutral hydrogen clouds along
the line of sight absorb photons redshifted into the Ly« band, thus imprinting a damping wing
profile at frequencies redward of Lya. The observed flux Fi;,s at wavelength A, for a quasar at
redshift z.,; can be written as:

Aob
Fo S /\o S = I " ~7(obs) .68
bs (Aobs) 0(1+z>€ ; (1.68)
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Figure 1.9: Ultraviolet luminosity functions for redshift bins centred around redshift 9, 10, 12, and
16. The points in grey have been obtained from photometric measurements, while the red points

have been obtained using more robust spectroscopic measurements. Figure from Harikane et al.
2023.
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Figure 1.10: A bright quasar emits light with some intrinsic spectrum. As the spectrum redshifts
toward the observer, intervening neutral regions (yellow) absorb photons at the Ly« resonance,
producing Gunn-Peterson troughs in the observed spectrum. Because Ly« absorption is sensitive
to even trace neutral fractions (rpy ~ 107%), quasar spectra provide strong lower bounds on the
neutral hydrogen content of the IGM. Multiple lines of sight to different quasars enable tighter
constraints on the EoR history. Credit: Benedetta Spina.

where the optical depth 7 is defined in the same way as in Equation 1.65, except that in this case
we only have access to one single line of sight and the integration is performed up to the redshift
of the quasar 2. The absorption profile of the optical depth has two main components: (i) the
optical depth due to the local environment of the quasar notably including the ionised region
surrounding the quasar (a few kpc in size); and (ii) the optical depth due to neutral hydrogen
regions in the IGM beyond the local environment of the quasar. Each of these two components
leaves a very different imprint on the observed flux of the quasar. By jointly modelling these two
components, we can infer the size of the ionised bubble of the quasar, providing insight into EoR
morphology, as well as the IGM neutral fraction along its LOS, which constrains the global IGM
neutral fraction.

In Figure 1.11, the coloured points with error bar show constraints on the global neutral
fraction from such measurements of quasar damping wing spectra.

1.4.4 The 21-cm signal of neutral hydrogen

So far, we described observations from the CMB (z=1100) and from lower redshifts (z < 15).
Current observations focus on closing this observational gap as it also translates into a theoretical
gap: Lack of observations in this period leave theories of the formation of the first stars and
galaxies largely untested. One approach to closing this gap is by building better instruments that
allow us to push observations to higher redshifts e.g. JWST. There is, however, another approach
which involves turning to a completely different probe of cosmology and astrophysics: the 21-cm
line of neutral hydrogen.

The 21-cm signal of neutral hydrogen is produced by the hyperfine splitting of hydrogen
atom ground state: when the proton and electron spins are aligned, the energy of the atom is
Fy = 5.9 x 1075 eV (or Ey; /kp = 0.068 K) higher than when they have opposite spins. When
a hydrogen atom transitions from the higher state F5 to the ground state £}, it emits a photon
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Figure 1.11: EoR history from synergistic Bayesian inferences (see Section 1.5 for more details)
shown with shaded regions, while coloured points with error bars are obtained from various
observational probes such as the dark pixel method (black, see e.g. McGreer et al. 2015) and Ly«
damping-wing absorption from quasars (orange, see e.g. Bafiados et al. 2018, Greig and Mesinger
2017, Greig et al. 2019, 2022). Figure from Qin et al. 2025.

with rest-frame wavelength 1420 MHz or 21.1 cm.

The 21-cm line of neutral hydrogen was first predicted theoretically in 1944 by Dutch as-
tronomer Hendrik van de Hulst as a method to study the structure of our galaxy. His prediction
was first confirmed observationally in 1951 by Ewen and Purcell at Harvard. The discovery rev-
olutionized radio astronomy, enabling astronomers to map the distribution and motion of hydro-
gen gas in the Milky Way and other galaxies. Since then, the 21-cm line became a powerful tool
for mapping galactic structure and kinematics as well as probing large-scale structure of the IGM.
In 2023, the CHIME (Canadian Intensity Hydrogen Mapping Experiment) collaboration made the
first statistically-significant detection of the cosmological 21-cm signal from large-scale structure
at redshift 2 ~ 1 [CHIME Collaboration et al., 2023], thus validating the 21-cm line as a technique
for cosmology. The real power of the 21-cm line, however, lies at higher redshifts. Recall that
before the EoR, the Universe was completely neutral hydrogen. We thus expect the 21-cm line to
be a powerful probe of CD/EoR as it directly measures the abundance of neutral hydrogen in the
IGM. It has the potential of mapping out the structure of the first billion years of our Universe
and thus fill the observational gap at 15 < 2z < 30.

The redshifted 21-cm line from CD/EoR roughly corresponds to frequencies of 30-200 MHz,
making it a perfect target for modern radio telescopes. Before commissioning a bunch of 21-cm
experiments, we need to know whether it is feasible for modern telescopes to actually detect the
cosmological 21-cm signal from CD/EoR. The first step to answering this question is performing
a simple back-of-the-envelope estimation of the strength of the cosmological 21-cm signal we
would observe on Earth.

We consider three mechanisms for 21-cm photon production as shown in Figure 1.13 (left to
right): (i) absorption: a neutral hydrogen atom in the ground state absorbs an incoming photon
and is promoted to the upper hyperfine level; (ii) spontaneous emission: a neutral hydrogen
atom in the upper hyperfine level can spontaneously decay into the ground state and release a
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Figure 1.12: The CMB is essentially a backlight shining through the IGM composed primarily of
neutral hydrogen before the EoR. The CMB photons interact with neutral hydrogen causing them
to emit or absorb 21-cm photons. Adapted with figures from Davies et al. 2025 and ESA/Planck.

21-cm photon; and (iii) stimulated emission: a neutral hydrogen atom in the upper hyperfine level
interacts with a photon causing it to decay into the ground state and thus release an additional
21-cm photon. The 21-cm transition has a very long lifetime of about 11 million years because the
interaction involved is very weak. On average, a hydrogen atom in the excited hyperfine state will
thus spontaneously emit a 21-cm photon roughly once every 11 million years which corresponds
to a rate of Ay; ~ 1/11 million years = 2.85 x 1075s~!. Moreover, since a neutral hydrogen
atom can interact with a photon of rest-frame wavelength of almost exactly 21 cm in order to
eventually release it after those 11 million years, we expect 21-cm photons to be extremely rare.
However, the IGM is very big and contains a lot of neutral hydrogen, so there is still a chance
that the signal is strong enough to be observed at higher redshifts!

The three interaction mechanisms from Figure 1.13 suggest that we need the neutral IGM to
interact with an external source of photons in order to excite the neutral hydrogen and eventu-
ally produce 21-cm photons. At high redshifts, before the formation of the first stars, the most
obvious source of photons is the CMB. We thus consider a simple model illustrated in Figure
1.12 to describe the 21-cm signal characterised by its brightness temperature 7;, and sourced by a
background with temperature 7', (2) = Tevp(z) = 2.73(1 + z) K. As shown on the left of Figure
1.12, the CMB acts as a backlight, shining photons that cross the neutral IGM. A tiny fraction of
those CMB photons will have the correct wavelength of 21-cm to interact with the neutral IGM
thus emitting or absorbing 21-cm photons relative to the CMB background. Our goal is therefore
to write down the differential brightness temperature 0T}, of the 21-cm signal against the CMB (for
in-depth reviews, see e.g. Furlanetto et al. 2006, Pritchard and Loeb 2012).

We begin with the basic radiative transfer equation describing photons emitted with specific
intensity I, i.e. per unit frequency v, passing through a gas cloud (i.e. the IGM) in the absence of
scattering along path s as shown in Figure 1.12:

dI,
ds

where the first term describes photon absorption by the intervening gas while the second term
describes photon emission. We drop the path s in favour of the optical depth at frequency v,

=—a,l, + 7., (1.69)
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Figure 1.13: We consider three interaction mechanisms between CMB photons and neutral hy-
drogen atoms. The first one is absorption: the CMB photon hits a neutral hydrogen atom on the
ground state (i.e. proton and electron spins are misaligned, Eo) causing a spin-flip of the elec-
tron. As a result, the neutral hydrogen atom absorbs the CMB photon in favour of the excited
state with aligned spins (E1). The second one is spontaneous emission: a neutral hydrogen in
the excited state can spontaneously transition from E1 to Eo thus emitting a 21-cm photon. This
process is very slow since the excited state has a very long lifetime (~ 11 million years). The
third one is stimulated emission: a CMB photon (or from spontaneous emission) hits an excited
hydrogen atom in E1, causing it to transition to the ground state and emit a 21-cm photon (with
the original CMB photon unaffected).

definedas 7, = [ aSTds, where aff is the effective absorption coefficient that includes stimulated
emission. We then solve the above equation for radiative transfer over a uniform slab of IGM gas
in local thermal equilibrium (LTE) with constant emissivities «, and j,. Since the 21-cm line
redshifts to low frequencies, the Rayleigh-Jeans limit with I oc 7" is an excellent approximation
to the Planck black-body curve. We thus obtain an expression for the brightness temperature of
the 21-cm signal sourced by the CMB with temperature 7', through a uniform gas with optical
depth 7,

T, = Ts(1 — exp(—7,)) + Ty exp(—T1,), (1.70)

where T is the spin temperature of the IGM gas. This equation suggests that an opaque gas
with 7, — oo will have T}, — T, while a transparent gas that does not interact with the photon
background at all with 7, — 0 will have 7;, — T’,. The spin temperature of the IGM gas is defined
in terms of the ratio of the number densities in each of the two hyperfine levels ny/n;:
12 _ 92 oxp(~T./Ts) = 3exp(—0.068K /Ts), (1.71)
ny g1
where g—é = 3 is the ratio of the statistical degeneracy factors of the upper hyperfine level (1S
triplet) and and lower hyperfine level (1S singlet), respectively, and T, = Es/kg = 0.068 K is
the temperature difference between the two energy levels. Assuming the IGM gas is in LTE and
that the emissivity is isotropic, the optical depth can be written as:

T, = /ds o1(V)n1¢(v)(1 — exp(—0.068K/Ts)), (1.72)
where 01(v) = 3;% is the absorption cross-section with the Einstein coefficient Ay = 2.85 x
21

10~ '%s~! for spontaneous decay rate of the spin-flip transition, and ¢(v) is the normalised 21-cm
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line profile such that [ ¢(v)dv = 1. The line profile may include effects such as natural broad-
ening due to the finite lifetime of excited states, pressure broadening due to collisions between
the atoms, and bulk motion due to large-scale peculiar velocities. The line profile for the 21-cm
transition is narrow and can be well-approximated by a Dirac delta function at the rest-frame
frequency ¢(v) ~ d(v — vo1). Evaluating the above integral, we obtain the expression for the
21-cm optical depth at observed frequency vyps:

et Ay Qoh 1+2\"? /10 H
T = 5 : rur(1+0) el I
32nvyy 4k mpG/Qmo 10 Ts H + dv,/dr

1+2\"? /10K H
~ 0.003 $H1<1+5)( 10 ) ( TS ) (H+dv /d?“) (1.73)

Under the assumption of a small optical depth, which is valid for most of the IGM, we obtain
a convenient and intuitive form for the differential 21-cm brightness temperature 673, = Tj, — T,
from equations 1.70 and 1.73 (see e.g. Madau et al. 1997, Furlanetto et al. 2006, Pritchard and Loeb
2012):

Wh2\ [ 0.15 1+ 2\ T H
5T, ~ 146 1-2) (———— ) mK| (.
b~ 35 o (1 + >(o.023) (th2 10 ) ) \avanjar ) W& 079

Looking carefully at this equation, we can see that it is the value of the spin temperature relative
to the background temperature that determines the detectability of the 21-cm signal: if the spin
temperature is equal to the background temperature, then there is no 21-cm signal. In order to
quantify the detectability of the 21-cm signal we must therefore understand how the spin tem-
perature is determined. The spin temperature is determined by three main physical processes: (i)
radio background coupling: absorption/emission of 21-cm photons from/to the radio background,
in our case the CMB; (ii) collisional coupling: collisions with other hydrogen atoms and electrons,
effective when the IGM is dense; and (iii) Lyman-a coupling (also known as Wouthuysen-Field
(WF) coupling): after the first stars and galaxies form, they emit Lyman-« photons (~ 122 nm)
into the neutral IGM that can be readily scattered off the neutral hydrogen atoms. During the
scattering process, the photon is absorbed and excites the neutral hydrogen atom that then relax
into either one of the hyperfine levels as it re-emits the Lyman-a photon. This resonant scattering
of Ly photons can thus induce a spin-flip.

These processes occur much faster than the lifetime of the 21-cm transition (11 million years).
The spin temperature is thus well-approximated by the combination of these effects (see e.g.
Pritchard and Loeb 2012 for a detailed review):

S N S S
1+ To + T

-1
S

(1.75)

where T, = Tcwp as before and T is the IGM gas kinetic temperature derived at the end of
Section 1.3.5. T}, is the temperature of the Ly« radiation field at the Ly« frequency produced by
the first stars and galaxies. The Ly« optical depth is very large in the early Universe due to the
high abundance of neutral hydrogen. Ly« photons therefore scatter so many times in the neutral
IGM that that they bring the Ly« radiation field and the IGM gas into local thermal equilibrium.
We can thus approximate 7, ~ Tk.
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Figure 1.14: Top panel: 21-cm signal lightcone (i.e. averaged over two of the three spatial di-
mensions) as a function of redshift. Bottom panel: globally-averaged (i.e. over all three spatial
dimensions) 21-cm signal. Each of the eight highlighted phases correspond to the eight phases
described in the main body. Adapted from Mesinger et al. 2016.

Having understood the physical mechanisms governing the spin temperature, we finally have
all the ingredients to round up our understanding of the evolution of the 21-cm differential bright-
ness temperature over cosmic time as illustrated in Figure 1.14, where we follow the shaded re-
gions of the global 21-cm signal in the bottom panel from right to left:

1. 200 < z < 1100: In the early Universe, the IGM is dense enough to collisionally couple
the spin temperature to the gas kinetic temperature i.e. Ts ~ Tk. Simultaneously, the
gas temperature is thermally coupled to the CMB via Compton scattering due to the free
electrons remaining from recombination, setting Tk ~ T, which yields 073, ~ 0 mK.

2. 80 < z < 200: As the Universe expands, the IGM gas cools adiabatically so eventually
Tx x (1+2)? < T, x (14 z). Collisional coupling is still effective so we have that
Ts ~ Tx < T, thus producing an early absorption signal. The fluctuations in the 21-cm
signal at this time are induced by density fluctuations, making the 21-cm signal a powerful
cosmological probe of the matter power spectrum.

< z < 80: As the Universe continues to expand and become less dense, collisional
coupling becomes ineffective. The spin temperature decouples from the gas temperature
and instead couples to the CMB temperature such that Tx < Tg ~ T, (we still have
adiabatic cooling ensuring Tx < T,). No 21-cm signal at this point.

3. Zx <

4. Zo S 2 S 24 The first stars form at 2, and couple Ts ~ T < T, due to WF coupling. The
21-cm signal begins to drop again reaching its minimum around —200 mK. The fluctuations
in the 21-cm signal at this time are dominated by density fluctuations and fluctuations in
the Ly« radiation field providing an indirect probe of the astrophysical processes governing
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the formation of the first stars and galaxies. As more and more stars form, WF coupling
will eventually saturate such that T = Tk by redshift z,.

5. 2n S 2 S zo: Fluctuations in the Ly« radiation field do not affect the 21-cm signal once
WEF coupling saturates. 21-cm signal fluctuations are driven by Tk fluctuations at this
time since the IGM is heated. By redshift zj, the IGM gas is heated everywhere such that
Ty = T, and no 21-cm signal is observed except in some hotter regions where Ty > T,.

6. zr S z S zp: Heating continues such that Ts > Tk > T, and the 21-cm signal is observed
in emission. The epoch of reionisation begins as ionised bubbles begin to form around
the first galaxies. At this point in time, the 21-cm signal is composed of fluctuations in

ionisation, density and gas temperature.

7. Zre S 2 S zp: The IGM becomes so hot that the spin temperature becomes saturated at zp
with T's ~ T > T, and we can drop the dependence on T’s in Equation 3.7 yielding a 21-
cm signal in emission. The saturated spin temperature regime is very useful for simplifying
simulations of the 21-cm signal during the epoch of reionisation. At this point, the 21-
cm signal is dominated by ionisation fluctuations, probing all processes which heat the
IGM, both cosmological and astrophysical. Currently, we believe the dominant heating
mechanism to be X-rays from early accreting black holes, but there are many other exotic
models such as cosmic strings, etc.

8. z < zpe: Once the epoch of reionisation ends, the IGM is completely ionised with residual
neutral hydrogen only found in so called self-shielded regions of dense systems such as
galaxies as detected by CHIME [CHIME Collaboration et al., 2023]. There is no detectable
21-cm signal from the ionised IGM.

1.4.4.1 Current state of 21-cm

While the theoretical motivation for the 21-cm signal is robust, as we saw above, the real
challenge lies in actually detecting it and interpreting the results with our models. The 21-cm
signal promises to be an exceptionally rich probe of both astrophysics and cosmology. As such,
over the last decade,there have been many efforts to observe the 21-cm signal during the cosmic
dawn and epoch of reionisation. To date, however, only upper limits on the 21-cm power spec-
trum have been reported as shown in Figure 1.15). On the other hand, the Canadian Hydrogen
Mapping Experiment (CHIME) has successfully detected the 21-cm signal at z ~ 1. Why has no
analogous detection been made at higher redshifts? Observing the 21-cm signal comes with one
major challenge: foregrounds. Their strength strongly depends on the frequency of observation
and becomes increasingly problematic at lower frequencies (i.e. higher redshifts). At the fre-
quencies relevant for 21-cm CD/EoR studies, foregrounds are 2—3 orders of magnitude stronger
than at the frequencies used to detect the 2z ~ 1 signal. Figure 1.16 illustrates this challenge. The
cosmological 21-cm signal (top-right), as might be obtained from Equation 3.7, is dwarfed by both
galactic and extragalactic foregrounds (middle panels). Combined, these are about four orders of
magnitude brighter than the target signal. The bottom-left panel shows the combined signal, the
starting point for all 21-cm experiments.

Despite these challenges, the 21-cm line has unmatched potential, ultimately able to provide a
3D tomographic map of more than half of our observable Universe, as expected with the upcom-
ing Square Kilometre Array (SKA’, e.g. Mellema et al. 2013, Koopmans et al. 2015, Mesinger 2019).

'https://www.skao.int/en
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Figure 1.15: Upper limits on the 21-cm PS from current experiments. Figure courtesy of Steven
Murray.

Figure 1.16: Contributions to the observed 21-cm signal. Top-right: cosmological 21-cm signal;
middle panels: extragalactic and galactic foregrounds; bottom-left: total observed signal. Fore-

grounds exceed the cosmological signal by ~ 4 orders of magnitude. Figure from Chapman and
Jeli¢ 2019.
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Figure 1.17: Cylindrical 21-cm PS foregrounds
anatomy. Foregrounds populate the low k| re-
gion. Chromaticity of the beam causes fore-

Precursors to the SKA telescope, interferome-
ters such as the the Murchison Widefield Ar-
ray (MWA?, Tingay et al. 2013), the Hydrogen
Epoch of Reionisation Array (HERAS3, e.g. De-
Boer et al. 2017), LOw Frequency ARray (LO-
FARY, e.g. van Haarlem et al. 2013), and New
Extension in Nancay Upgrading loFAR (NEN-
UFAR, e.g. Zarka et al. 2012) are instead fo-
cused on a first detection of the 21-cm power
spectrum (PS) since Fourier space is a natu-
ral domain for interferometers. By binning
modes in Fourier space, interferometers en-
hance their S/N. Intrinsically, the 21-cm PS
A? has the same dimensionality as the real-
space field, and is therefore a 3D quantity. In
practice, we frequently encounter two reduced
forms: the 1D power spectrum, obtained by
spherical averaging over all modes of a given

magnitude k& = |k| = |/kZ+ k2 + k2, and

the 2D power spectrum, obtained by cylindri-

grounds to leak into smaller scales, creating the
foreground wedge. The EoR window is the re-
gion of cylindrical PS that is considered domi-
nated by the cosmological 21-cm signal. Figure
from Kittiwisit et al. 2022.

cal averaging into line-of-sight modes k| =
k. and transverse modes k;, = /k2 -+ k‘g
In cylindrical PS space, foregrounds are re-
stricted to low & or large line-of-sight modes
because they are spectrally smooth, as illus-
trated by the galactic foregrounds panel in Fig-
ure 1.16. However, the chromatic response of the instrument beam causes the signal from
foreground-contaminated modes to leak into higher £ modes, forming the characteristic fore-
ground wedge (e.g. see Parsons et al. 2012, Liu et al. 2014a,b) as shown in grey in Figure 1.17. As a
result, clean EoR measurements are performed outside (or near the boundary) of the wedge defin-
ing the EoR window shown in white in Figure 1.17, where we expect the power to be dominated
by the cosmological 21-cm signal.

An additional challenge arises from the instrument itself, whose response imprints non-trivial
effects on the observed signal that are often difficult to model or calibrate. These effects, known
as systematics, can significantly exacerbate the impact of foregrounds, further pushing them into
the EoR window and make their removal even more challenging. While foreground contamina-
tion remains the primary obstacle for modern 21-cm interferometric experiments, instrumental
systematics that amplify this problem pose an equally critical challenge for instruments such as
HERA (e.g. Pascua et al. 2025, Rath et al. 2025). Accordingly, HERA is devoting substantial ef-
fort to characterizing its main sources of systematics such as mutual coupling, with the aim of
mitigating their impact on the final data products.

*https://www.mwatelescope.org/
Shttps://reionization.org/
4http://www.lofar.org/
Shttps://nenufar.obs-nancay.fr/en/homepage-en/
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1.5 Learning about the first billion years

As discussed in the previous section, modern CD/EoR experiments are driven by the follow-
ing open questions: (i) first stars — how and when did the first stars form, what were their
physical properties, and how did they evolve into the stellar populations we observe today? (ii)
sources driving the EoR — which types of galaxies were primarily responsible for reionization,
and how efficiently did they leak ionizing photons? (iii) EOR morphology — how did ionized
bubbles grow, merge, and percolate through the IGM? and (iv) EoR timing and duration —
when did reionization begin, and how long did it last? Each of these questions has correspond-
ing observational probes that constrain it: (iv) is being constrained by the optical depth 7; (ii),
and (i) to some degree, are being constrained by UV luminosity functions; and (iii) is being con-
strained by quasar Lya damping wings. A map of the 21-cm signal, such as anticipated from the
upcoming SKA, has the potential to constrain
all of these simultaneously. However, since
such measurements are not yet available,this
thesis instead focuses on developing analy-
sis techniques that extract maximal informa-
tion from current upper limits on the 21-cm
power spectrum (Figure 1.15). In particu-
lar, we show that exploiting the synergy be-
tween complementary observables allows us
to jointly constrain the timeline of reionisation
and the astrophysical properties of the galax-
ies that powered it.

In this section, we introduce Bayesian
analysis: the only statistical method that can
robustly interpret observations and translate
them into knowledge about the Universe. In
Figure 1.18, we illustrate the cycle updat-
ing our knowledge about the Universe with
Bayesian statistics. Starting from the top left

Figure 1.18: The Bayesian scientific method
cyclically updates our prior knowledge of the
Universe. New observations are translated into  ¢%y o plot, we begin by encoding prior be-

knowliedge ab01.1t th? Univer’se (ie. theory) by liefs P(6,) about parameters ¢, of some model
updating the prior via Bayes’ theorem. Theory ¢4 . Universe M, (6,). This prior can be

in turn informs experimental design, and the cy- anything: it can reflect previous observations,

cle continues. theoretical arguments, or be deliberately igno-
rant. Given our new observations d, we update these prior beliefs into a posterior P(6|d) incor-
porating the new information from the observations via Bayes’ theorem:

P(d|0) P(6)
P(d)

where P(d|0) is the likelihood of measuring d given model parameters 6 and P(d) = [ df P(d|0)P(0)
is the model evidence. As shown in Figure 1.18, there may be multiple different models M, My, M3
describing the same observations d. The model evidence compares them on equal footing and
quantifies which model better describes the observations (pale blue in Figure 1.18). This pro-
cess, known as Bayesian model selection, provides feedback to improve theoretical models. To
complete the cycle, theory may inform experimental design, as was the case with the 21-cm line.
Instead of the Bayesian approach, many studies employ what is called the frequentist approach,

P(0]d) = (1.76)
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which is only concerned with the likelihood P(d|f) of measuring the observation d with the given
model. In other words, it tests whether a model is capable of producing d, but does not quantify
how probable the model itself is in light of the observations. This makes it difficult to assess
whether a model provides a good overall description of the Universe, or to compare different
models on equal footing. Bayesian analysis, on the other hand, updates prior knowledge with
new data d, yielding a posterior distribution P(f|d) that directly encodes how plausible different
models and parameters are given the observations.

While simple Gaussian-like posteriors can often be estimated analytically or with approxima-
tions such as the Fisher matrix, realistic problems rarely yield such simple forms. Once models
become more complex and/or involve a large number of parameters 0, the resulting posteriors
can be highly non-Gaussian, multimodal, degenerate, or a combination thereof. Evaluating these
posteriors requires applying Bayes’ theorem by sampling from the prior and computing the asso-
ciated likelihood. For high-dimensional problems whose likelihood involves evaluating models
with a large number of parameters 6, accurately sampling the posterior becomes extremely chal-
lenging. This is known as the curse of dimensionality: as the number of parameters grows, the
volume of the corresponding parameter space grows exponentially and thus exponentially more
samples are needed to explore it adequately.

We mitigate the curse of dimensionality by relying on sampling algorithms that can approxi-
mate the posterior efficiently and generate representative samples without brute-force grid eval-
uations. Markov Chain Monte Carlo (MCMC) methods, for instance, construct correlated chains
of samples that eventually converge to the true posterior distribution. Variants such as Metropo-
lis-Hastings or Hamiltonian Monte Carlo differ in how they propose new samples and balance
parameter space exploration with sampling efficiency. These algorithms, however, were not built
with the Bayesian evidence in mind. Nested sampling (NS), on the other hand, was designed not
only to sample the posterior but also to compute the Bayesian evidence, making it valuable for
model selection. Within NS itself there are also multiple implementations such as MultiNest®
[Feroz et al., 2009], UltraNest’ [Buchner, 2016, 2019, 2021], Nautilus® [Lange, 2023], and
PolyChord (ref) each making different trade-offs in efficiency and robustness.

In practice, no single algorithm is universally optimal: each sampler excels in particular sce-
narios but may perform poorly in others. Highly multimodal posteriors, strongly degenerate
parameter spaces, or extremely high-dimensional models each require different strategies to be
sampled efficiently. Consequently, Bayesian inference in cosmology and astrophysics often in-
volves benchmarking several samplers and choosing the most suitable one for the problem at
hand, as we shall see in the coming chapters.

In addition to choosing an appropriate sampler, a successful inference setup also requires a
carefully chosen likelihood P(d|6). The likelihood can be derived or approximated analytically
for many simple models. The more complex a physical process is, however, the more difficult it is
to analytically write down its likelihood. The likelihood for the 21-cm signal is in fact analytically
intractable. This is because the 21-cm signal evolves in a highly non-linear way, coupling to other
complex fields throughout its evolution. Supported by CMB experiments, we often approximate
the 21-cm PS likelihood with a Gaussian form.

An alternative approach that circumvents the need for an explicit likelihood is simulation-
based inference (SBI, also known as likelihood-free inference). Instead of evaluating P(d|6) di-
rectly, SBI relies on the fact that forward models can generate mock observations given model
parameters. The posterior is then approximated directly from simulated datasets, enabling in-

®http://johannesbuchner.github.io/PyMultiNest/
"https://johannesbuchner.github.io/UltraNest/
8https://github.com/johannesulf/nautilus
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ference even when the likelihood is analytically intractable or computationally prohibitive. SBI
is currently a particularly active area of research for 21-cm analyses (e.g. see Prelogovi¢ and
Mesinger 2023, Meriot et al. 2024, etc.) in preparation for the SKA. A Gaussian likelihood is suf-
ficient as long as the observations being analysed are low S/N;, such as upper limits on the 21-cm
PS [Prelogovi¢ and Mesinger, 2023, Meriot et al., 2024]. However, once high-precision measure-
ments become available, more accurate likelihood treatments—and thus SBI approaches—will be
essential. In this thesis, we therefore adopt the Gaussian likelihood approximation as the most
efficient choice for present-day 21-cm upper limits, while keeping in mind that SBI is a natural
extension.

1.6 Simulating the first billion years

Robustly translating CD/EoR observations into theoretical constraints with Bayesian infer-
ence requires simulators that can forward-model multiple observables simultaneously. This is
very challenging: simulating only the 21-cm signal is insufficient, and realistic simulations must
balance box size, resolution, and physical complexity. These requirements quickly make simula-
tions computationally prohibitive, particularly given the curse of dimensionality: the more pa-
rameters a model has, the more forward-model evaluations are needed. For weakly constraining
data, such as current 21-cm power spectrum upper limits, this often amounts to ~ 10° evaluations
(e.g. HERA Collaboration et al. 2023), making efficiency essential.

Driven by this computational demand, semi-numerical simulations have emerged as the prac-
tical alternative to costly hydrodynamic simulations: in exchange for a modest loss in accuracy,
they provide a speed gain of many orders of magnitude, thus making Bayesian inference com-
putationally feasible. Throughout the thesis, we use the 21cmFAST simulator [Mesinger and
Furlanetto, 2007, Mesinger et al,, 2011, Murray et al,, 2020, Davies et al., 2025], which achieves
a runtime of about 1 core hr per simulation — over six orders of magnitude faster than typical
radiative transfer simulations - in exchange for a modest ~ 20% error on the largest modes of the
21-cm power spectrum at low neutral fractions near the end of reionisation (e.g. see Zahn et al.
2011).
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1.6.1 Evolving radiation fields

Figure 1.19 provides an overview of how 21cmFAST simulates the radiation fields composing
the Universe. The simulation begins by using cosmological parameters to generate initial condi-
tions of the density field, modelled as a Gaussian random field drawn from the matter power spec-
trum. These initial conditions are then evolved forward in time using second-order Lagrangian
perturbation theory (2LPT, Scoccimarro 1998) which bypasses the need for computationally ex-
pensive N-body simulations that track the dynamics of individual particles. Dark matter halos
are identified on the evolved density fields us-
ing a combination of the excursion-set formal-
ism introduced in Section 1.3.3 and a merger-
tree algorithm [Davies et al, 2025]. The
merger-tree algorithm is applied backwards in
time to generate a self-consistent dark matter
halo population evolving in time as marked
with red circles in Figure 1.19. Galaxies are as-
signed to the resulting population of dark mat-
ter halos by sampling a conditional probabil-
ity function based on well-established empiri-
cal scaling relations (e.g. see Park et al. 2019,
Davies et al. 2025) such as the SHMR (see Sec-
tion ??) and the SFMS (see Section ??). This
model produces a stochastic galaxy population.
The mean and scatter of the scaling relations
control the amount of stochasticity..
As in Section 1.3.5, 21cmFAST also op-
erates under the assumption that dark mat-
ter halos host galaxies which source inhomo-
geneous, large-scale cosmic radiation fields.
The ionizing, X-ray and soft UV cosmic radia-
tion fields sourced by these galaxies are com-
puted with approximate radiative transfer and
evolve the thermal state of the IGM. At the
bottom of Figure 1.19, we show slices of the
IGM neutral fraction and the 21-cm brightness
temperature at the same redshift as the density
slice above. The ionization and thermal state
of the IGM gas are then tracked with a set of
coupled differential equations, allowing us to
compute observables such as the ones intro-
Figure 1.19: 21cmFAST simulator, adapted from duced previously in Section 1.4. Stitching to-
Davies et al. 2025. gether boxes of evolved radiation fields allows

to produce lightcones that mimic observations.
In Figure 1.20, we show, from left to right, lightcones of the dark matter density, followed by the
lightcones of two galaxy emissivities: the cumulative ionising photon density per hydrogen atom
(Nion in Section bla) and the soft-band X-ray emissivity, followed by lightcones of two observ-
ables: the 21-cm signal lightcone and CII surface brightness density.
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Figure 1.20: From left to right: a lightcone of the matter density, followed by two lightcones of
galaxy properties: cumulative ionising photon density per hydrogen atom (/V;.,) and soft-band
X-ray emissivity, followed by lightcones from two observables: 21-cm line, and singly-ionised
Carbon line (CII) surface brightness density. Figure from Davies et al. 2025.
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1.7 Machine learning

While semi-analytical simulators such as 21cmFAST are orders of magnitude faster than full
radiative transfer simulations, they remain computationally expensive for Bayesian inference: a
typical Bayesian inference with ~ 10° forward model evaluations would require ~ 10° CPU core
hours. With new observations released at an unprecedented rate due to the numerous CD/EoR
experiments on sky, the demand for faster inferences is greater than ever. In the past few years,
machine learning (ML) has been proved to be a powerful tool in across many applications, offering
an attractive solution to the challenge. In this section, we introduce machine learning and focus
on its use as an emulator that replaces the simulator during the inference and accelerates it by
over four orders of magnitude, enabling full inferences in as little as a few GPU minutes.

1.7.1 Introduction to machine learning

Machine learning started out as an attempt to understand the human brain and recreate its
function in a computer program. Its goal is to mimic aspects of human cognition by learning
patterns from data and then generalizing these learned patterns to make accurate predictions
on new, unseen data. In practice, this amounts to learning a mapping from some input to its
corresponding output without explicitly prescribing the functional form of that mapping. The
mapping is instead approximated by many simple building blocks called neurons, inspired by
nervous cells in the brain. In artificial neural networks (ANNs), each neuron receives signals
from incident neurons, applies a transformation to their weighted sum, and passes the result
onward. This behaviour has a natural mathematical analogue: linear regression. Given an input
r, the simplest artificial neuron computes a weighted sum y; = W.'x, where the weights W
of a neuron ¢ represent the strength of the connections between that neuron and its incident
neurons. However, a network composed only of such linear neurons cannot capture the complex
patterns present in real data. Introducing non-linear activation functions f significantly improves
the capability of the ANN to learn complex patterns. Common activation functions include the
rectified linear unit (ReLU) f(y;) = max(0, y;), the sigmoid f(y;) = ;), and the hyperbolic

exp(yi) —exp(—yi)

1+exp(—yi
tangent f(y;) = tanh(y;) = oxp( ) Texp(—ys)- BY connecting many such neurons into layers and
stacking them into deep architectures with multiple hidden layers as shown in Figure 1.21, ANNs
can capture complex patterns in data, much like networks of neurons in the brain collectively
give rise to cognition.

The use of machine learning as general-purpose function approximators is rigorously sup-
ported by mathematical arguments. In particular, the universal approximation theorem [Hornik
et al.,, 1989] implies that with sufficiently many neurons, the neural network can approximate
any continuous function on compact domains to arbitrary accuracy. Other formulations of the
theorem show that universality can also be achieved by keeping the width of the network fixed
while increasing its depth. In practice, this implies that a sufficiently wide or deep feed-forward
neural network can, in principle, model the complex, non-linear relationships in real-world data.
While these universal approximation theorems provide an essential mathematical foundation for
machine learning, it is important to note that they are existence proofs: they guarantee that a suf-
ficiently large neural network with the right activation function can approximate any continuous
function, but they do not prescribe how to tune the weights of the network, nor do they specify
how wide or deep the network must be for a given task. In practice, identifying and training a
suitable network remains a non-trivial challenge.

A neural network is trained by optimizing its free parameters W with some cost function
that quantifies its performance. Analogous to Bayesian inference, training requires exploring
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Figure 1.21: Feed-forward neural network with NV hidden layers. A neuron 7 with weight matrix
W; outputs the weighted sum f (W, x), where f is a non-linear activation function.

a very high-dimensional parameter space, often with millions of dimensions. Unlike Bayesian
inference, however, NN training typically relies on simpler optimization algorithms that exploit
the fact that we can efficiently compute the gradient of the cost function with respect to all
trainable parameters. In practice, the cost function and its gradient are estimated on mini-batches,
small random subsets of the training data. Mini-batches make training computationally more
feasible and introduce stochasticity into the training process which can contribute to improving
the NN’s generalisation capabilities (ref). Generalisation can be further encouraged by adding
other explicit forms of regularisation which prevent the NN from simply memorising the training
data. The weights 11/ are optimised iteratively on each mini-batch via stochastic gradient descent
(SGD) or variants such as Adam. Each mini-batch provides an estimate of the gradient of the cost
function. Analytically deriving the gradient of a complex network can be challenging, especially
as its depth increases. An efficient solution is the backpropagation algorithm which computes
the gradient of the cost function by recursively applying the chain rule. Once the gradient is
obtained, the NN weights are updated in the direction of the negative gradient. This process is
repeated for successive mini-batches until convergence.

While this process efficiently trains the NN, it has limitations. The high-dimensional param-
eter space being optimised is very complex. It has many local minima and simple optimisation
algorithms can easily become stuck in a local minimum, especially when the training procedure
is combined with a decaying learning rate. Nonetheless, empirical evidence suggests that most
local minima encountered in practice are nearly as good as global minima (e.g. Li et al. 2018). Un-
derstanding how to shape the parameter space and design architectures that facilitate training
remain active research subjects today.

1.7.2 Emulating the 21-cm signal

Relatively inexpensive semi-analytical simulators such as 21cmFAST make it feasible to gen-
erate databases large enough to train accurate emulators of various observables, such as those
discussed in Section 1.4. As detailed in Section 1.4.4.1, most CD/EoR 21-cm experiments are
targeting the power spectrum, often presented in the form of upper limits on the spherically-
averaged 1D PS. As such, the first emulators in the field naturally targeted the 1D PS (e.g. see
Kern et al. 2017, Shimabukuro and Semelin 2017, Schmit and Pritchard 2018, Jennings et al. 2019,
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Ghara et al. 2020, Mondal et al. 2022). These early emulators typically vary three parameters gov-
erning the EoR such as the ionising efficiency introduced in Section 1.3.5 and use a simple ANN
architecture as the one illustrated in Figure 1.21. They emulate the 1D PS w about 10% accuracy.

Parallel to 1D PS observations, there have also been single-dish experiments targeting the
globally-averaged 21-cm signal. The Experiment to Detect the Global Epoch of Reionization Sig-
nature (EDGES) collaboration reported the detection of a strong 21-cm absorption signal between
redshifts ~ 15 — 20 (c.f. the global 21-cm signal in Figure 1.14). To interpret these surprising re-
sults, there became a demand for emulators of the global 21-cm signal (e.g. see Cohen et al. 2020,
Bevins et al. 2021, Bye et al. 2022). These emulators vary seven parameters — many more pa-
rameters than previous emulators. They emulate the global signal w about 1% accuracy. Recent
emulators boast much more sophisticated NN architectures such as recursive neural networks
(RNNs) [Prelogovi¢ and Mesinger, 2023], and long-short-term memory (LSTM, Hochreiter and
Schmidhuber 1997) [Dorigo Jones et al., 2024].

All of the emulators mentioned so far only emulate one single summary statistic. As discussed
in Section 1.4 however, different CD/EoR summary observables probe complementary astrophys-
ical and cosmological mechanisms, and their synergy is essential to obtain the most informative
posterior. My thesis focuses on exploiting this synergy while employing cutting edge ML archi-
tectures. My work provides the first emulators capable of jointly predicting six CD/EoR summary
statistics to sub-percent error while varying up to twelve astrophysical and cosmological parameters
and employing state-of-the-art NN architectures such as score-based diffusion models.

1.8 Thesis overview

1.8.1 Paper contributions

In Chapter 2, we introduce 21cmEMU, the 21cmFAST first emulator capable of emulating six
summary statistics simultaneously with sub-percent median accuracy. Given nine astrophysi-
cal parameters as input, 21cmEMU produces all six summary statistics in under a millisecond,
thus reducing the cost of Bayesian inferences by over 4 orders of magnitude in comparison to
21cmFAST. We then test the robustness of 21cmEMU by applying it on the same inference as was
done in HERA Collaboration et al. 2022a with 21cmFAST and find that the result with the emula-
tor is qualitatively the same as with direct simulation. Having established 21cmEMU as a reliable
and accurate tool for Bayesian inference, we then perform a set of new inferences. First, we
perform a set of inferences that demonstrate how different CD/EoR probes form a synergy and
set the stage for 21-cm PS upper limits from HERA Collaboration et al. 2023 to further constrain
the posterior. Next, we investigate the impact of constraints on the EoR history from Ly« forest
observations and find an improved constrained on the parameters governing the ionising escape
fraction. Finally, we use 21cmEMU to forecast the constraint from HERA’s 6th season phase II
observations assuming no residual systematics in the data. We find that, optimistically, we could
expect a detection of the 21-cm PS at z ~ 6 — 7. We also find that we can recover the EoR his-
tory down to ~ 10% accuracy, which places stronger constraints on the paramters governing the
ionising escape fraction, which are almost completely unknown currently.

In Chapter 3, we present the addition of a third emulator to 21cmEMU - 21cmEMUv3, which is
trained on more realistic 21cmFAST simulations including a population of MCGs (pop III stars) in
addition to ACGs (pop II stars). Moreover, this third emulator features cutting edge architectural
elements, such as LSTM layers and score-based diffusion. In 21cmEMUvV3, LSTM layers are used to
emulate five out of six summary statistics. The sixth summary statistic, the 21-cm PS, is upgraded
from the spherically averaged 1D PS to the cylindrically averaged 2D PS. To emulate the 2D 21-
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cm PS, we implement a score-based diffusion model. We test the robustness of this model by
reproducing the result obtained by Lazare et al. 2023, who were the first to train a 21cmFAST
emulator of ACGs and MCGs of the 1D 21-cm PS. When including both ACGs and MCGs into the
model, we expect the X-ray luminosity produced by one population to be lower in comparison to
simulating only one galaxy population which then needs to produce more X-rays. We find that we
can recover their result when using the MultiNest sampler, but not when using the nautilus
sampler. We then build upon their result by introducing a new prior informed by hydrodynamic
simulations which favours lower stellar masses. We find that such a prior nevertheless supports
higher X-ray luminosity than the flat prior used in Lazare et al. 2023. This highlights that when
the likelihood is not highly constraining, the choice of prior becomes critical, as it can strongly
influence the posterior and thereby the qualitative conclusions drawn from it.

In Chapter 4, we change gears and use machine learning as a tool to improve the quality of
Bayesian inferences. One major issue in modern Bayesian inferences is that they typically for-
ward model a much smaller volume of the Universe than that probed by the observations they are
supposed to reproduce. This discrepancy in volumes between the simulation and the observation
is the source of two problems: (i) the sample variance of the forward model (i.e. the deviation
of the simulated sample from the population mean due to finite box size) is much larger than
the cosmic variance of the observation; and (ii) the forward model probes a completely different
region in cylindrical k-space than the observation. (i) is an issue because, as upcoming observa-
tions become more and more sensitive at large scales, forward models remain sample variance
limited at those same scales. The fact that the forward model is sample variance limited reduces
the precision of the forward model at large scales and therefore prevents us from extracting the
most information out of the observations. (ii) is an issue because the cylindrical 21-cm PS is
anisotropic due to redshift-space distortions (RSDs), and the evolution of the lightcone along the
line of sight. The anisotropy of the 2D 21-cm PS can thus introduce significant biases onto spher-
ically averaged 1D 21-cm power spectra obtained by averaging over different regions in cylindri-
cal k-space. In this work, we mitigate issue (i) with 21cmPSDenoiser, a score-based diffusion
model that mitigates sample variance given a model-agnostic cylindrical 21-cm PS realisation by
generating the corresponding mean 2D 21-cm PS. We demonstrate that 21cmPSDenoiser out-
performs traditional sample variance mitigation techniques such as fixing and pairing. We also
show that it generalises well to cylindrical PS from other simulators. We mitigate issue (ii) by
introducing a cut on the Fourier modes included when spherically-averaging the 2D PS to en-
sure we only average over a k-space footprint that is very similar to observations. Finally, we
apply 21cmPSDenoiser and the k-space cut in an inference context and show that it produces
an unbiased posterior 50% narrower in most inferred parameters in comparison to the traditional
inference pipeline which produces a biased and broad posterior.

1.8.2 Package contributions

Advancing science relies on building upon the work of others. For this reason, I have always
been motivated to publish my work as well-documented and well-written Python packages, en-
suring they are easily accessible to the community through common installation pathways such
as pip. While I significantly contributed to multiple existing packages such as powerbox [Mur-
ray, 2018], 21cmMC [Greig and Mesinger, 2015, 2017, 2018], and 21cmSense [Pober et al., 2013,
2014, Murray et al., 2024], I have also developed from scratch and actively maintain the following
packages:

» 21cmEMU (8] was developed for Breitman et al. 2024 and extended with 21cmEMUvV2 Cang
et al. 2024 and 21cmEMUV3 in Breitman et al. 2025b. This package provides an easy to use
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Python wrapper that allows the user to select which emulator they wish to use and produce
summary statistics from it in just a few lines of code.

+ 21cmPSDenoiser (8] was developed for Breitman et al. 2025a. It’s a wrapper around the
score-based diffusion model presented in that paper.

+ The Ultimate Eor Simulation Data AnalYser tuesday (8] was developed throughout all
of these projects, but especially the last two, Breitman et al. 2025a and Breitman et al.
2025b. The purpose of this package is to provide the community with well-documented
Python code for performing common tasks in CD/EoR analyses, such as calculating power
spectra and other post-processing operations. It also serves as a centralized, maintainable
repository that preserves and organizes code contributions from members of our group as
they transition to new positions.
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Abstract

Recent years have witnessed rapid progress in observations of the Epoch of Reionization (EoR).
These have enabled high-dimensional inference of galaxy and intergalactic medium (IGM) prop-
erties during the first billion years of our Universe. However, even using efficient, semi-numerical
simulations, traditional inference approaches that compute 3D lightcones on-the-fly can take 10°
core hours. Here we present 21cmEMU: an emulator of several summary observables from the
popular 21cmFAST simulation code. 21cmEMU takes as input nine parameters characterizing EoR
galaxies, and outputs the following summary statistics: (i) the IGM mean neutral fraction; (ii)
the 21-cm power spectrum; (iii) the mean 21-cm spin temperature; (iv) the sky-averaged (global)
21-cm signal; (v) the ultraviolet (UV) luminosity functions (LFs); and (vi) the Thomson scattering
optical depth to the cosmic microwave background (CMB). All observables are predicted with
sub-percent median accuracy, with a reduction of the computational cost by a factor of over 10%.
After validating inference results, we showcase a few applications, including: (i) quantifying the
relative constraining power of different observational datasets; (ii) seeing how recent claims of
a late EoR impact previous inferences; and (iii) forecasting upcoming constraints from the sixth
observing season of the Hydrogen Epoch of Reionization Array (HERA) telescope. 21cmEMU is
publicly-available, and is included as an alternative simulator in the public 21cmMC sampler.
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2.1 Introduction

The cosmic dawn (CD) of the first luminous objects and eventual reionization of the Universe
remain among the greatest mysteries in modern cosmology. Recent years have seen a dramatic
increase in observations of the CD and epoch of reionization (EoR). These include: (i) the Lyman-
o forest (e.g., Fan et al. 2006, Becker et al. 2007, 2015, Bosman et al. 2018, D’Odorico et al. 2023); (ii)
damping wings in quasar spectra (e.g., Bolton et al. 2011, Mortlock et al. 2011, Banados et al. 2018,
Wang et al. 2020, Yang et al. 2020); (iii) Lyman-« emission from galaxies (e.g., Ouchi et al. 2010,
Clément et al. 2012, Konno et al. 2014, Drake et al. 2017, Hoag et al. 2019, Shibuya et al. 2019); (iv)
large-scale polarization of the cosmic microwave background (CMB; e.g., Planck Collaboration
et al. 2020, de Belsunce et al. 2021, Heinrich and Hu 2021; (v) secondary kinetic Sunaev-Zeldovich
(kSZ) CMB anisotropies (e.g., Das et al. 2014, George et al. 2015, Reichardt et al. 2021); (vi) upper
limits on the cosmic 21-cm power spectrum (PS; e.g., Mertens et al. 2020, Trott et al. 2020, HERA
Collaboration et al. 2022b, 2023). This is set to culminate with a 3D map of HI during the first
billion years, expected with the upcoming Square Kilometer Array (SKA; e.g., Mellema et al. 2013,
Koopmans et al. 2015, Mesinger 2019).

In step with these observational advances, Bayesian inference techniques have been devel-
oped that allow us to forward model the observations and constrain the parameters of reion-
ization as well as the galaxies responsible (e.g., Choudhury and Ferrara 2005, Mesinger et al.
2015, Greig and Mesinger 2015, Mason et al. 2018, Greig et al. 2019, Mondal et al. 2020, Ghara
et al. 2020, Qin et al. 2021, Choudhury et al. 2021, HERA Collaboration et al. 2022a, Maity and
Choudhury 2022, Nikoli¢ et al. 2023). These rely on efficient simulators, so-called semi-numerical
simulations (e.g., Mesinger and Furlanetto 2007, Thomas et al. 2009, Santos et al. 2010, Mesinger
et al. 2011, Visbal et al. 2012, Ghara et al. 2015, Murray et al. 2020, Trac et al. 2022, Maity and
Choudhury 2022, Schneider et al. 2022), that typically approximate computationally-expensive
radiative transfer (RT) with approaches based on cheap Fast Fourier Transforms (FFTs). How-
ever, inference can be computationally expensive even with semi-numerical simulations. As an
example, the recent, state-of-the-art inference using nine galaxy parameters in HERA Collabo-
ration et al. 2022a (hereafter HERA22) took ~ 10° core hours on an HPC center: roughly 10°
likelihood evaluations each taking ~ 1 core hour to simulate the corresponding observables.

A popular alternative approach is to use emulators (e.g., Kern et al. 2017, Schmit and Pritchard
2018, Shimabukuro and Semelin 2017, Jennings et al. 2019, Ghara et al. 2020, Mondal et al. 2022,
Bye et al. 2022, Lazare et al. 2023). Once trained on a set of simulation outputs, an emulator
can replace the expensive, on-the-fly simulation step in Bayesian inference: a single likelihood
evaluation taking ~ o.1 s instead of ~ 1 hour. As such, the computational cost is amortized,
requiring only the initial database of simulations in order to perform subsequent, inexpensive
inferences?. Of course, such amortized inference is restricted to the theoretical model that is used
to train the emulator. Moreover, there is also the additional emulator error to account for, which
can be non-negligible for high precision measurements and in corners of parameter space that
are poorly sampled (e.g., Kern et al. 2017, Appendix B of HERA22). Nevertheless, emulators allow
us to rapidly perform many inferences of the same model, testing the impact on the posterior of
different likelihood choices, priors, and new data. Moreover, the emulator error is sub-dominant
compared with current, relatively low S/N observations, such as the 21-cm power spectrum upper
limits.

?>Another form of amortized inference is to train neural density estimators to fit the likelihood or likelihood
/ evidence ratio using simulated data (e.g., Papamakarios et al. 2018, Alsing et al. 2018, Cole et al. 2022). This is
referred to as simulation-based inference (SBI), and has the additional benefit of not having to specify an explicit
functional form for the likelihood. SBI has recently been applied to mock 21cm observations [Zhao et al., 2022b,a,
Prelogovi¢ and Mesinger, 2023, Saxena et al., 2023], with very promising results.
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Here we present 21cmEMU® — a public emulator of several summary outputs from the semi-
numerical code 21cmFAST?. These include (i) the volume-averaged hydrogen neutral fraction;
(ii) the 21-cm power spectrum; (iii) the global 21cm brightness temperature; (iv) the neutral IGM
spin temperature; (v) the ultraviolet (UV) luminosity functions (LFs); (vi) the Thomson scatter-
ing optical depth of CMB photons. Our emulator was trained on summary observables from the
withHERA inference in HERA22, which sampled nine astrophysical parameters that characterize
galaxy properties. As a result, our work presents a few important improvements over previous
emulators. The unprecedented number of summary outputs allows us to include complemen-
tary, multi-wavelength probes of high-z galaxies and the EoR when computing the likelihood.
Moreover, our physically-motivated galaxy parametrization [Park et al., 2019] allows us to eas-
ily motivate different choices of priors. We will periodically update 21cmEMU to include new
summary outputs and astrophysical models.

We showcase our emulator by re-analysing the HERA power spectrum upper limits published
in HERA22. We also perform inferences including various combinations of the data, illustrating
the constraining power of each probe on the posterior. One call of 21cmEMU takes ~ 0.1 s (com-
pared to ~ 1 hour for 21cmFAST), with a typical inference finishing in a few hours.

This paper is organized as follows. In Section 2.2, we introduce the data used to train the
emulator. In Section 3.4, we introduce the network and discuss its architecture, training proce-
dure, and performance. In Section 2.4, we showcase applications of the emulator to EoR/CD
inference problems. We conclude in Section 4.7. We assume a flat ACDM cosmology, with
(Qa, L, Oy, by 08, 15) = (0.69, 0.31, 0.049, 0.68, 0.82, 0.97), consistent with results from [Planck
Collaboration et al., 2020]. Unless stated otherwise, all lengths are in comoving units.

2.2 Simulated Dataset

Our datasets for training and testing are taken from the withHERA inference from HERA22,
using an increased number of livepoints (18k). This inference used the Multinest [Feroz et al.,
2009] sampler in 21cmMC > [Greig and Mesinger, 2015, 2017, 2018] with a flat prior on all as-
trophysical parameters within the ranges shown in all of the corner plots (e.g., Figure 2.6). The
likelihood was determined by current observations of the EoR history, galaxy luminosity func-
tions and 21cm upper limits (discussed in detail in Section 2.4.1).

We use all of the Multinest outputs, including both accepted and rejected samples, resulting
in 1.8M parameter samples. Of these, we randomly select 1.28M for training, 183k for validation
and 330k for testing. The database is standardized (subtract the mean and divide by the standard
deviation of each summary statistic) before being passed into the network for training.

Our datasets are generated with the public 21cmFAST v3 code [Mesinger and Furlanetto, 2007,
Mesinger et al., 2011, Murray et al., 2020]. 21cmFAST is a semi-numerical simulation code that op-
erates under the assumption that dark matter halos host galaxies which source inhomogeneous,
large-scale cosmic radiation fields. Matter density and velocity fields are generated using second-
order Lagrangian perturbation theory (e.g., Scoccimarro 1998). Galaxy properties are assigned to
dark matter halo fields using empirical scaling relations, following the parametrization in Park
et al. [2019]. The ionizing, X-ray and soft UV cosmic radiation fields sourced by these galaxies
are computed with a combination of excursion set and direct integration along the lightcone.
The ionization and thermal state of the IGM gas are then tracked with a set of coupled differ-
ential equations, allowing us to compute the various observables discussed below. The HERA22

Shttps://github.com/21cmfast/21cmEMU
4https://github.com/21cmfast/21cmFAST
Shttps://github.com/21cmfast/21CMMC
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runs that form our database assumed a simulation box length of 250 cMpc, with a 128° grid. For
further details on the simulation code, the interested reader is directed to [Mesinger and Furlan-
etto, 2007, Mesinger et al., 2011, Murray et al., 2020]. Below we summarize the astrophysical
parameters used as input to 21cmEMU, and the summary observables that are the corresponding
output.

2.2.1  Galaxy model and astrophysical parameters

The input consists of nine parameters that characterize bulk galaxy properties. Two param-
eters (f. 10, ) describe the stellar-to-halo mass relation (SHMR), which is a power-law for the
faint galaxies (hosted by M;, < 10'2)M, halos) that dominate the cosmic radiation fields at z > 5
(e.g., Kuhlen and Faucher-Giguere 2012, Dayal et al. 2014, Behroozi and Silk 2015, Mitra et al.
2015, Sun and Furlanetto 2016, Yue et al. 2016):

M, M\ [
M, (M) = fin0 (M_w) (Q—m> . (2.1)

Here (), is the universal baryon energy density (as a fraction of the critical energy density), €2, is

the total matter (i.e., cold dark matter and baryon) energy density, and f. = f. 10 ( ]\J\;[_lho ) = 0,1]

is the stellar fraction, with f, 19 corresponding to the fraction of galactic gas in stars normalized
to the amount in a halo of mass My = 10° M, and o, the power-law index.

Star formation is assumed to occur on a time-scale that goes with the Hubble time, H _1(2),
(or analogously the dynamical time, which also scales with the Hubble time during matter dom-
ination):

M, = ———F——. 2.2
t.H=1(z) (22)

The characteristic star formation timescale, ¢, € [0, 1], is another free parameter.

The typical ionizing escape fraction, fes.(M},) € [0,1] is similarly described by a power-law
(e.g., Paardekooper et al. 2015, Kimm et al. 2017, Lewis et al. 2020):

Mh Qesc

) = frean (7). (9
10

with two free parameters: the normalization, fes 10, and the power-law index, vegc.

Star formation is suppressed in small mass halos due to inefficient gas cooling and/or feed-
back (e.g., Hui and Gnedin 1997, Springel and Hernquist 2003, Okamoto et al. 2008, Sobacchi and
Mesinger 2013, Xu et al. 2016, Ocvirk et al. 2020, Ma et al. 2020). We account for this suppres-
sion by assuming only a fraction exp (— My /M},) of halos host active star forming galaxies.
The characteristic halo mass scale below which the abundance of galaxies is exponentially sup-
pressed, M, is another free parameter.

The specific X-ray luminosity escaping the galaxies is also taken to be a power-law in energy
(e.g., Das et al. 2017), Lx o< E~°X, with the index ax left as a free parameter. The luminosity is
normalized via the soft band X-ray luminosity per unit SFR, another free parameter:

2keV

LX<2keV/SFR = / dE Lx/SFR, (24)
Ey

where Ej, the last input parameter, is the minimum energy of X-ray photons capable of escaping
their host galaxy:.
In summary, the nine input parameters are:
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8.

9.

f+,10: normalization of the SHMR, defined at M), = M.

. o, power-law index of the SHMR.

. fesc,10: normalization of the ionizing escape fraction to halo mass relation, defined at M}, =

MlO-

Qlesc: power-law index of the ionizing UV escape fraction to halo mass relation.

. t,: characteristic star formation timescale, defined as a fraction of the Hubble time.

. Myiyrn/Mg: characteristic mass below which halos become exponentially less likely to

host an active star forming galaxy.

Lx <2kev/SFR

e soft-band X-ray luminosity per unit SFR escaping the galaxies.
erg s ® r

Ey/keV: minimum X-ray energy that can escape the galaxies.

ax: power-law index of the X-ray spectral energy distribution (SED).

This simple parametrization is easy to interpret physically and is consistent with observations of
the UV LFs as well as the scaling relations found in galaxy simulations and semi-analytic models.

2.2.2

Observational summaries

For a given set of cosmological and astrophysical parameters, 21cmFAST calculates the cor-
responding 3D lightcones of IGM properties. When performing inference, these lightcones are
generally compressed into summary statistics that are compared directly with observations. Here
we do not attempt to directly emulate the 3D lightcones of the various cosmological quantities,
and instead only emulate the following summary observables (motivated by existing EoR/CD
observations discussed in Section 2.4.1):

1.

2.

ZTui(z) — the volume-averaged neutral fraction of hydrogen and helium as a function of
redshift (also commonly referred to as the EoR history).

T, (2) — the volume-averaged (global) 21cm brightness temperature (e.g., Madau et al.
1997, Furlanetto et al. 2006, Pritchard and Loeb 2012):

Ts — T
T(x,2) = %(1 —e™) (2.5)
QWh?\ [ 0.15 1+2\"?
~ 2 1 K
Tom(l+6) (0.023) (th2 10 ) o

<(*5) el

where 75; is the 21cm optical depth of the intervening gas, 9, = p/p — 1 is the baryon
overdensity, with p being the baryon density, and 75 and 7y are the spin and background
temperatures, respectively. We assume throughout that the radio background is provided
by the CMB, Tg = Tcp is the temperature of the CMB. We note that 21cmFAST computes
the brightness temperature at each cell location, x, using the exact expression in the first
line of the equation above; the second line is a Taylor expansion in the limit of 75; < 1
that provides physical intuition.
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3. Ts(z) — the mean spin temperature of the neutral IGM as a function of redshift. The IGM
spin temperature is only defined for neutral hydrogen that is outside of the cosmic HII
regions that surround galaxies. Specifically, the volume average is performed over those
cells in the simulation box with Ty > 95 %.

4. A2 (k, z) — spherically-averaged 21cm power spectrum (PS):
A3 (k, 2) [mK?] = k*/(2r?)(T,T;), where k = |k|, and T} (k, z) is the Fourier dual of the
brightness temperature from eq. (3.7).

5. ¢(Mi500, 2) — the non-ionizing UV luminosity function (UV LF), defined as the num-
ber density of galaxies per UV magnitude, M5, as a function of redshift. The ~1500
A rest frame luminosity is calculated from the SFR: M*(Mh, z) = Kyy X Lyy, where
Kuyv = 1.15-1072Mgyr—! Hz s erg~! assumes a Salpeter initial mass function (e.g., Madau
and Dickinson 2014, Sun and Furlanetto 2016). The UV luminosity is related to the AB mag-

nitude using [Oke and Gunn, 1983]: log (#) = 0.4 x (51.63 — Myy).

6. Te — the Thompson optical depth to the last scattering surface (LSS): 7. = ZLSS dz ‘Cdt‘ Ne,
where o is the Thompson scattering cross section and n, is the electron number density
calculated assuming hydrogen and helium are singly ionized at a fraction (1 — Zy,) and
that helium is doubly ionized at z < 3.

Although the last two quantities are computed analytically by 21cmFAST and are therefore rea-
sonably fast, we still emulate them for two reasons. The first is to provide users of 21cmEMU
with a standalone package. The second is that the analytic calculation is still slower than the
emulator prediction time: emulation reduces the runtime from ~ 1 s to < 50 ms for a single
parameter combination (< 1 ms per parameter set if in a large (2 100) batch), with a relatively
low emulation error (see Section 3.4).

We use 84 redshift bins in the range z ~ 5 — 35 for all summaries except the 21cm PS. For
the 21cm PS we exclude high redshift bins that generally have a very weak signal, keeping 60
redshift bins spanning 2 ~ 6 — 21, and 12 k bins spanning k£ ~ 0.04 — 1 Mpc~!. We also floor
the PS values to 0.1 mK?, in order to reduce the dynamic range of the data and improve training.
We note that the value of the floor is an order of magnitude smaller than the accuracy of the
21cmFAST simulator itself (e.g., Mesinger et al. 2011, Zahn et al. 2011), and thus has no effective
impact on the accuracy of our emulator.

2.3 Emulator architecture and performance

21cmEMU is implemented using Tensorflow [Abadi et al., 2015, Developers, 2022], with an
architecture consisting of (see diagram in Fig. 2.1):

« one large block (8 layers with 1k nodes each) of fully-connected (dense) layers whose output
is fed into all of the branches.

« one branch per summary observable.

Since the 21-cm power spectrum is a smooth function of wavemode and redshift (e.g., Fig.
2.3), it can be interpreted as a 2D image. Therefore we use a convolutional neural network (CNN)
in the 21-cm PS branch and fully-connected layers in the other branches. Note that the branches
are not connected with one another. The only nodes they have in common are those from the
main block which each branch receives as input.
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Figure 2.1: Schematic of the 21cmEMU architecture. Astrophysical parameters (top; c.f. Section
2.2.1 are inputted through a large block of fully-connected layers. The output from this shared
block is then passed on into five blocks (much smaller than the shared block). The pink, blue,
green, yellow, and orange fully-connected branches output the Thomson scattering optical depth,
UV LFs, mean hydrogen neutral fraction, spin temperature, and global signal, respectively. The
output from the shared block is also reshaped into an image and is passed into a 2D convolutional
neutral network which outputs the 21cm power spectrum. The convolutions gradually build
the PS image. The window size varies among the layers. The number of filters (yellow layers)
decreases toward the end of the CNN.

Figure 2.2: Training loss (black line) and validation loss (orange line) as a function of training
epoch. The learning rate curve is also shown with the dashed gray line and the corresponding
right axis.
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The network trains on all of the summaries at once (i.e., multi-task learning), using a weighted
sum of root mean squared error (RMSE) losses with one loss term per branch, where each branch
loss has a different weight. We assign the largest weight to the 21-cm PS branch as it is higher
dimensional with the largest dynamic range, and thus more difficult to learn. The final set of
weights chosen is obtained from a trial of about 50 different weight combinations with the goal
of choosing the best weights such that the 21-cm power spectrum, brightness temperature, and
neutral fraction are learned best. The performance of the other summaries is not significantly af-
fected by the choice of weights. These trials are done ad hoc since the training is computationally
expensive.

We perform a few tests to motivate the importance of the block of fully-connected layers.
First, we train a network equivalent to the brightness temperature branch alone i.e., whose input
is the astrophysical parameters that are straight away passed into the brightness temperature
branch of fully-connected layers. We find that the median brightness temperature fractional er-
ror over the test set in this network is ~ 45% larger than the one in the final network. ® This
means that, on average’, our final architecture performs better than just having individual net-
works for each summary. The final architecture can contribute to improving the performance
in two ways: (i) combining the losses of the summaries allows the network to learn from the
correlations between the summaries; and (ii) simply making the network larger and deeper. To
test the relative importance of (i) and (ii), we train a network without the shared block but with
the rest of the architecture the same. This significantly reduces the number of trainable param-
eters in the network (by about 50%), but still allows different summaries to influence each other
through the shared loss. We do see an increase of up to a few percent in the median and 68%
CL of the fractional error for the smaller network as expected. Most notably, for the brightness
temperature we see an increase of ~ 1%, ~13%, and ~27% for the median, 68% CL, and 95% CL
of the fractional error, respectively. We conclude that combining the losses of all the summaries
is the main cause of performance improvement, while the large shared block is needed to get the
best performance for the most challenging summaries: the brightness temperature and 21-cm
power spectrum.

In Figure 2.2, we show the total training and validation losses as a function of epoch in black
and orange, respectively. We also show the learning rate schedule used during training with a
dashed gray line. We see a smooth decline of the validation loss up to ~ 100 epochs. Our final
network is taken at the minimum of the validation loss, at epoch 150. The training takes about
eleven GPU hours (~3.5 min per epoch) with the full database (1.8M samples).

Below, we discuss the branch architecture and performance for each summary observable in
turn, summarizing the results in Table 3.2. Throughout, we illustrate the emulator performance
using examples from the test set, as well as the distributions of absolute differences (Abs Diff) and
fractional errors (FE) over the entire test set. The latter two are defined for each observational
summary, ¥, as:

Abs Diff = [Ytrue — Ypred| (2.6)
Abs Diff (2.7)

) 2.7

max (‘ytrue |7 yﬂ00r>

where e refers to the 21cmFAST direct simulation output and yp,,eq is the corresponding 21 cmEMU
prediction. We compute the above averaged over different bins in y and/or different models in

FE(%) =

®We also test slightly changing the brightness temperature branch itself: adding an additional layer and increasing
the number of nodes increases the median fractional error (see below for specific definition) by about 50%, while
increasing the number of layer nodes slightly and adding one additional layer increases it by about 20%.

"We did not perform this test for all of the other summaries. We did perform it for the 21-cm power spectrum
and found that the performance of the final network is a few percent better than that of the CNN branch alone.
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Figure 2.3: The spherically-averaged 21-cm power spectrum as a function of wavemode and red-
shift for a sample in the test set. The 21cmEMU prediction is shown on the left while the 21cmFAST
result is on the right. This sample has a 21-cm PS FE that is roughly comparable to the median
value of the whole the test set, and can thus be considered representative of the emulator perfor-
mance. The rightmost panel shows the fractional error for this single sample.

the test set, as described below. One drawback of the FE metric is that it can diverge to infinity
as the denominator goes to zero. To avoid this, we use floors for the values of the denominator:
log(AgLﬂoor) =0.1; 7, bfoor = D MK, and Zurgoor = 107*. The specific values of these floors was
chosen relatively arbitrarily; however, they are lower than the expected accuracy achievable by
any near term experiment.® The other summaries, 7., T, and UV LFs do not have a floor value.

2.3.1  The 21-cm power spectrum

The power spectrum branch consists of thirteen 2D convolution layers with wide (up to 7
redshift bins x 3 k bins) kernels and two upsampling layers that gradually build the (k, z) PS
image based on the output of the shared block, as seen in Figure 2.1. We use a pixel-based RMSE
loss, weighted by the inverse of the estimated thermal noise corresponding to a 1000h SKA1-low
observation (taken from Prelogovi¢ et al. 2022; for more details see Section 2.2.1 in that work).
Weighting by the inverse of the noise forces the CNN to be more accurate in (£, z) bins that are
easier to observe: generally corresponding to lower redshifts and larger scales.

In Figure 2.3, we compare the emulator prediction for the 21-cm power spectrum with its cor-
responding target from 21cmFAST. We show a single sample from the test set, with the 21cmEMU
prediction on the left and the 21cmFAST target in the middle panel. This sample was chosen as
it has the closest median fractional error to that of the entire test set; thus it can be considered
representative of the typical emulator performance. It is difficult to see a difference between the
two PS with the naked eye. We the FE of this single sample in the rightmost panel. The FE is
generally sub-percent, rising to ~percent in regions of low power.

In these 2D images we clearly see the well-known trend of three peaks in the redshift evolu-
tion of the large-scale 21-cm PS and two peaks in the small-scale evolution (e.g., Pritchard and
Furlanetto 2007). In general, the features evolve smoothly over (k, z), showcasing why we use a
CNN in the 21-cm PS branch of 21cmEMU.

We quantify the 21-cm PS prediction error in the top left panel of Figure 3.3. In the top

8For the 21-cm power spectrum for example, the expected mean noise level from thermal noise and sample
variance for a 1000hr observation with the SKA1-low instrument is 0.1 mK? (e.g., see Figure 2, bottom left panel
in Kaur et al. 2020). Similarly, global signal experiments have measurement noise that is orders of magnitude larger
than the floor value we chose (e.g. Singh et al. 2022, Murray et al. 2022), and are instead limited mostly by foregrounds
and instrument systematics. For the mean neutral fraction, estimates have typical uncertainties of order o.1 (see e.g.
Greig et al. 2022 and references therein), orders of magnitude larger than the floor value we use.
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sub-panel, we plot the redshift evolution of the PS amplitude at ¥ = 0.1 Mpc™?, with 21cmEMU
predictions shown via dash-dotted lines and the corresponding 21cmFAST targets shown with
solid lines. We chose to plot k& = 0.1 Mpc~! because the strongest constraints by current in-
terferometers are around these scales; smaller scales are dominated by thermal noise and larger
scales by foregrounds (e.g., Mertens et al. 2020, Trott et al. 2020, HERA Collaboration et al. 2023,
2022b). The ten models plotted here were chosen at random from the test set. We again see that
the differences between the emulator and "truth" are difficult to spot with the naked eye.

In the bottom sub-panel we show the absolute difference between each pair of curves in the
top sub-panel, as well as the median absolute difference (dashed black line) and the 68% / 95%
confidence limits (CL; dark / light gray) computed over the entire test set. We see that the median
(68%) 21cmEMU absolute error at k ~ 0.1 Mpc™! is ‘ 10g (A3) rue/mK?) - log (Agl,pred/sz)‘ <
0.01 (~ 0.02). This translates to a median (68%) fractional error of 0.70% (1.0%) ¢ at this wavemode
and 0.55% (2.4%) when averaged over all wavemodes. This is far below observational uncertainties
in the near-term, thus justifying the use of an emulator. The error rises slightly at lower redshifts,
owing to the broader distributions of possible PS, including very small values post reionization.
In Appendix A, we show the evolution of the 21-cm power spectrum fractional error as a function
of the input 9D astrophysical parameters.

2.3.2 The 21-cm global signal

The 21-cm global signal branch consists of seven fully-connected layers with 600 - 1000 nodes
each. We quantify the performance of 21cmEMU on the global signal in the top right panel of
Figure 3.3. We show the redshift evolution of the global signal (top) and absolute differences
(bottom) for the same ten random samples from the test set.

As for the 21-cm power spectra, the difference between the 21cmFAST calculation and 21 cmEMU
prediction is difficult to see with the naked eye and is generally < 1 mK. We see from the bottom
sub-panel that the 95% CL of the errors in the test set is also < 1 mK. This translates to a median
(68%) FE of 0.34% (1.2%).

We see from both the global signal and the PS that our training set spans a wide range of
heating and ionization histories. This is due to the fact that we include both accepted and rejected
livepoints of the HERA22 inference in the training set, in order to have the largest dataset possible.
Extending beyond the ranges of the most likely models allows 21cmEMU to generalize beyond the
HERA-22 posterior distribution, accurately predicting even unlikely models that, e.g., have not
reionized by z = 5.

2.3.3 The 21-cm spin temperature in the neutral IGM

The Ts branch consists of five fully-connected layers with 400 nodes each. We quantify the
network performance on the mean 21-cm spin temperature in the right panel of the middle
row of Figure 3.3. In the top sub-panel, we show ten examples of the emulated spin temper-
ature curve (dash-dotted line) and the corresponding true curves from the test set (solid line).
In the bottom sub-panel of the plot, we show the absolute error for each of the ten examples,
the median for the entire test set with the black dashed line, and the 68% / 95% CL regions in
shaded in dark/pale grey as a function of redshift. We can see that the absolute difference is

Note that these errors are calculated on the emulator PS output which is in log space. Computing the corre-
sponding error distributions in linear space, we obtain a median (68%) FE of 1.53% (1.94%) at k ~ 0.1 Mpc ™!, and
1.39% (3.76%) over the entire test set. Note that since we return to linear space, we do not need to apply a floor on
the power spectrum in this FE calculation.
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Figure 2.4: A subset of summary outputs from 21cmEMU for ten random samples from the test
set. Panels show: redshift evolution of the k¥ = 0.1 Mpc™! 21-cm PS amplitude, redshift evolution
of the mean 21cm brightness temperature, redshift evolution of the mean spin temperature in
the neutral IGM, the CMB optical depth, UV LFs at z = 6, the EoR history (clockwise from upper
left). Colors denote the astrophysical parameter sample with solid (dashed) lines corresponding to
outputs from 21cmFAST (21cmEMU). In the bottom sub-panels, we show the absolute differences
between the predicted and true quantities shown in the top sub-panels. Absolute differences of
the ten random samples are shown with the corresponding colors, while the median absolute
differences (FE in the case of 7.) computed over the entire test set are shown with dashed, black
curves. Dark (light) shaded regions enclose 68% (95%) CL.
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‘log (Ts,tme/K) —log (Ts,pred/K)‘ < 0.01 at 95% CL over most of the redshift range. The FE of the
log of the mean spin temperature over the entire test set is 0.032 % and the 68% CL is 0.13 %.

We recall that the spin temperature is calculated by taking the global average over all cells
in the simulation box that have Ty; > 95%. When there are no cells satisfying this condition,
the spin temperature becomes undefined. We account for this by having the emulator predict the
redshift at which the spin temperature becomes undefined.'” The emulator correctly predicts the
exact redshift bin below which T's becomes undefined for 95.1% of the models in our test set, and
is only one bin off (Az ~ 0.1) for 4.89% of the models.

2.3.4 The global history of reionization

The EoR history branch, like the spin temperature branch, consists of five fully-connected
hidden layers with 500 nodes each. In the left panel of the middle row in Figure 3.3, we show
the EoR histories of our ten parameter samples (top sub-panel), and the corresponding prediction
error (bottom sub-panel). We see that the absolute differences are <o.005 for 95% of the models
in the test set. The FE is 0.0075% for the median and 0.095% at the 68% CL.

2.3.5 The CMB Thomson scattering optical depth

The Thomson scattering optical depth branch consists of three layers of 30 nodes each as it
outputs only one number. We show the FE of the 7, prediction in the lower right panel of Figure
3.3. The ten parameter samples are denoted with different color dots. Over the entire test set,
we see a median fractional error of 0.1% and a 0.25% FE at 68% CL. There is a notable increase in
the prediction error as well as its bin-to-bin variance toward higher values of 7,. This is due to a
small number of samples in this unlikely corner of parameter space: fewer than 1% of the models
in the test set have 7. > 0.11.

2.3.6 Galaxy UV luminosity functions

The LFs branch consists of five layers of 400 nodes each. The network outputs the LFs at four
redshifts (z = 6,7, 8, 10) and magnitude bins ranging from -20 to -10. In the lower left panel
of Figure 3.3, we show the emulated and simulated LFs at z = 6 (the performance at the other
redshifts is comparable). The hatched region denotes the range spanned by LF observations used
in the inference in the following section.

We can see that the emulator is very accurate in the flat range spanned by the existing obser-
vations, while it is less accurate around the faint-end turnover. At all of the redshift bins, we have
that the absolute difference ‘ log (gbtrue/Mpc_?’) — log (gbpred/Mpc_?’)‘ < 0.1 over the majority of
the magnitude range.

We provide an alternative setting in 21cmEMU that allows the user to skip the emulation and
directly calculate the CMB optical depth and UV LFs using 21cmFAST. This improved accuracy
however comes at the cost of a slower runtime: ~ 700 ms per call compared with < 50 ms using
emulation.

'°In principle, one could use the EoR history emulator prediction to find the redshift at which the volume averaged
neutral fraction drops below o0.05. However, this is not identical to our definition for T, since our simulations
account for partially neutral and self-shielded clumps inside the reionized cells. Therefore we include a separate
output for the redshift at which there are no cells with Zy; > 95%. We note that 21cmFAST also includes partially-
ionized cells, both by UV and X-rays. Partial ionization by UV is assumed to correspond to unresolved HII regions
surrounding nascent galaxies (see the discussion in Zahn et al. 2011).
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2.3.7 Summary of 21cmEMU performance and context with other emula-
tors

In Table 3.2, we summarize the performance of 21cmEMU for each summary in the first row,
using the fiducial training set of 1.3M samples. In general, the median (68%) emulation fractional
error is at the level of < 0.5% (1%). The most accurate prediction is achieved with the EoR his-
tory, most likely due to the fact that it is a monotonic and smooth function, making it easier to
learn. The least accurate summary is the power spectrum, which is understandable as it is two
dimensional with the largest dynamic range.

It is difficult to directly compare the performance of 21cmEMU with other emulators of EoR/CD
observables, due to their different astrophysical parametrizations and training set sizes. Never-
theless, at face value 21cmEMU’s accuracy is better than achievable with state-of-the-art emula-
tors (e.g., Mondal et al. 2020, Bevins et al. 2021, Bye et al. 2022, Yoshiura et al. 2023). For example,
comparing with the recent, bespoke 21-cm global signal emulator 21cmVAE [Bye et al., 2022], we
obtain a factor of 2.2 (1.5) lower median (95th percentile) RMS error (see their eq. 1). Our median
21-cm PS FE is a factor of ~ 10-100 lower than that of the bespoke PS emulators in Kern et al.
2017, Ghara et al. 2020, when compared over the same redshift/wavemode ranges.

This improvement in 21cmEMU over previous works could be attributed to several factors.
Firstly, we have a training set of unprecedented size: 1.3M samples. This is orders of magnitude
larger than used in previous works (generally ranging from thousands to tens of thousands). We
quantify how 21cmEMU’s accuracy changes with the training set size in the following section.

Secondly, the improvement in power spectrum emulation could be attributed in part to our
novel CNN architecture. Previous 21-cm PS emulators used only fully-connected layers which
are not as efficient in processing 2D images such as the PS.

Finally, the fact that 21cmEMU emulates many different observables allows the prediction of
any one of these to be helped by the others. Indeed, we verified explicitly that the 21-cm PS emula-
tion is improved when the other summary outputs are included in the loss (i.e., when all branches
are trained together). In addition to improving performance, including multiple EoR/CD observ-
ables is extremely important in the current era where 21-cm observations are not strongly con-
straining. As we show in Section 2.4.2, complementary galaxy and EoR observations are needed
to obtain a likelihood-dominated (as opposed to prior-dominated) posterior (see also HERA22).

2.3.8 Varying the size of the training set

Since 21cmEMU was trained on an uncharacteristically-large training set, it is useful to see
how it performs with smaller training sets. To do so, we remove some models at random, retrain
21cmEMU on the reduced training set, and test its performance on the same test set.

In Figure 2.5, we plot the median FE in each summary as a function of the training set size. We
normalize the FE so that unity corresponds to the fiducial, 1.3 M training set. We also explicitly list
the performance using half of the database (640k samples), and 1% of the database (13k samples)
in the middle and bottom rows of Table 3.2.

We see that there is a sharp increase in emulator accuracy with training set size, up to a size
of ~ 100k. Doubling the size of the training set roughly doubles the emulator accuracy. This
relationship flattens beyond sizes of > 100k, such that a ten-fold increase in the training set from
~100k — 1.3 M only improves the FE by a factor of ~two.
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Training Size Summary Median FE (%) 68% CL (%)

log A2, 0.55 2.4

1.3M Ty 0.34 1.2
Full log T's 0.032 0.13
THI 0.0073 0.10
Te 0.11 0.26

log ¢ 0.50 2.1

log A2, 0.71 3.0
640k T, 0.43 1.51
Random log T's 0.047 0.17
THI 0.0086 0.12
Te 0.15 0.35

log ¢ 0.57 2.5
log A%, 3.2 13.0
13k Ty 4.8 16.6

Random log T's 0.40 1.2
THI 0.035 0.57

Te 0.45 1.0
log ¢ 2.5 10.0

Table 2.1: Performance of the 21cmEMU network when trained on the full database, half of the
database and 1% of the database.

Figure 2.5: Median fractional error of each summary as a function of the training set size. The FE
is normalized so that unity corresponds to the fiducial, 1.3 M training set.
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2.4 Application to inference

In this section, we apply 21cmEMU to inference problems. We use the 21cmMC driver [Greig
and Mesinger, 2015], which now includes the option to use either 21cmFAST or 21cmEMU as the
simulator. 21cmMC incorporates three highly parallel samplers: EMCEE [Foreman-Mackey et al.,
2013], Multinest [Feroz et al., 2009], and Ultranest [Buchner, 2016, 2019, 2021]; in this work we
use the latter two as discussed further below.

First, we run the same inference as was previously run in HERA22 using 21cmFAST in order
to see how emulator error affects the posterior. After this validation, we showcase the potential
of 21cmEMU by performing several new inferences demonstrating: (i) how different observations
are complimentary; (ii) the approximate impact of new, late-ending EoR constraints; (iii) the
potential impact of upcoming H6C HERA observations. Each 21cmEMU inference took roughly a
day on a GPU, compared with a few weeks on a cluster had we used 21cmFAST directly.

2.4.1 Comparison with direct simulation

We run the same inference as in HERA22 (10k livepoints) with 21cmEMU. Doing this allows
us to directly compare the inference results between the two methods.
The likelihood in HERA22 incorporates four data sets:

1. Thomson scattering CMB optical depth - this term compares the Thomson scattering CMB
optical depth from the proposed model with the one from the analysis of Planck Collabora-
tion et al. [2020] by Qin et al. [2020], whose posterior is characterized by median and 68%
credible interval (CI): 7, = 0.056970 00s5. The likelihood function is a two-sided Gaussian.

2. The Lyman forest dark fraction - this term compares the mean neutral fraction at z = 5.9
with the upper limit of 7y, < 0.06 4= 0.05 at 68% CI obtained from QSO dark fraction
[McGreer et al., 2015]. The likelihood function is unity at Ty, (z = 5.9) < 0.06, decreasing
as a one-sided Gaussian for higher neutral fraction values.

3. UV luminosity functions - this term compares the model with z = 6,7,8,10 UV luminos-
ity functions observed with Hubble [Bouwens et al., 2015, 2016, Oesch et al., 2018] in the
magnitude range Myy € [—20, —10]. This likelihood term is also a two-sided Gaussian.

4. 21-cm power spectrum upper limits - this term accounts for HERA H1C 94 night observations
at z = 8 and z = 10, presented in HERA Collaboration et al. [2022b]. The likelihood is the
upper limit likelihood discussed in HERA22.

These individual likelihood terms are multiplied to obtain the total likelihood. When using
21cmEMU for inference, we add the median emulator error in quadrature to the measurement
uncertainties for each corresponding likelihood term.

In Figures 2.6 and 2.7, we compare posteriors obtained using 21cmFAST (cyan) to that using
21cmEMU (orange). Both were run using the MultiNest sampler with the same number of live-
points (10k, yielding ~ 60k posterior samples). In the lower left of Fig. 2.6 we plot the 1D and 2D
marginal PDFs for our astrophysical parameters, while in the top right we plot 95% CI of some
of the summary observations (see caption for details). In Fig. 2.7 we plot the corresponding spin
temperature PDFs in the two HERA bands, which was one of the main results of the HERA22
paper. We note that the 21cmFAST and 21cmEMU posteriors are nearly identical, testifying that
the emulation error is fairly negligible when performing inference using current data sets. The
only notable difference is in the ¢, PDF, which is slightly broader when 21cmEMU is used as a
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simulator compared with 21cmFAST. We find no notable trends of the emulator error with this
parameter, concluding the small difference could be due to stochasticity in sampling and/or a
higher dimensional covariance of the emulator error.

In Figure 2.6 we also include a run using 21cmEMU and the same HERA22 likelihood, but
with the UltraNest sampler (purple curves; sk livepoints, yielding ~ 70k posterior samples).
The resulting posterior is consistent with the previous two. Interestingly, the choice of sampler
(purple vs orange) results in a larger difference than the choice of simulator (orange vs cyan) for
some marginal PDFs. In particular, the UltraNest posterior is more accurate towards the edges
of the prior range, resulting in flatter posteriors at the edges: this behavior is also recovered using
the EMCEE sampler as shown in Lazare et al. [2023]. Moreover, Ul traNest’s vectorization makes
it ~ 10x faster when using an efficient simulator like 21cmEMU. Therefore, in subsequent sections
we only show posteriors generated with UltraNest.

We remind the reader that the emulator was trained on the HERA22 nested sampling out-
put. This inference took ~400k core hours. Once trained however, the emulator performs amor-
tized posterior estimation in only 225 core hours using Multinest or in 30 core hours using
Ultranest.

2.4.2 Impact of different observations on the posterior

Having tested the emulator in the previous section, we now use it to perform multiple infer-
ences that would be too costly with direct simulation.We begin by quantifying how the individual
terms from the HERA22 likelihood discussed in the previous section affect the posterior. We do
this by removing the terms one by one, and comparing the resulting posteriors in Figure 2.8.

In orange we show the full HERA22 posterior from the previous section, including all likeli-
hood terms. In green, we remove the HERA power spectrum upper limit constraint. We see that
the only consequence is that the Ly /SFR parameter becomes unconstrained. In the panel on
the right, we can also see the 95% CI of the power spectrum and 21-cm global signal becoming
wider around z ~ 6 — 10. As discussed in HERA22, the 21-cm power spectrum limits is the only
measurement sensitive to the IGM temperature during the cosmic dawn.

Next, if we remove constraints on the EoR history (here corresponding to the dark fraction
and 7, likelihood terms), using only the UV LFs in the likelihood, we obtain the posterior shown
in blue. We see that EoR history measurements allow us to set (lose) constraints on the ionizing
escape fraction (here parametrized via fesc 10 and awsc), which disappear completely when their
corresponding terms are not included in the likelihood. Including only the UV LFs does disfavor
very early reionization, z > 11, because the redshift evolution of the SFR density implied by UV
LF observations is too steep to allow arbitrarily early EoR, even with escape fractions close to
unity.

Finally we show the prior distribution in the space of UF LFs, 21-cm PS, 21-cm global signal,
and EoR history in gray. We see that all of the posteriors in these spaces are significantly broader
than the priors, and are thus likelihood dominated (i.e., are not sensitive to the prior choices).
Moreover, each likelihood term adds complimentary information, highlighting the importance of
combining observational datasets when interpreting the high-redshift Universe.

2.4.3 Impact of late reionization

Recent observations of the large-scale opacity fluctuations in the Lyman alpha forest (e.g.,
Becker et al. 2015, Bosman et al. 2018, 2022) imply a late end to reionization z < 5.6 [Mondal et al.,
2022, Qin et al., 2021]. In this section, we explore how such new EoR history constraints would
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Figure 2.6: Comparison of posteriors obtained using 21cmFAST and 2 1cmEMU after performing an
inference with the same HERA22 likelihood. The darker/dashed regions represent 68% Cls, while
pale/thin dashed regions represent 95% Cls. The orange and purple posterior distributions are
obtained using the MultiNest sampler (10k livepoints, ~ 60k posterior samples), while the cyan
posterior distribution is obtained using the UltraNest sampler (5k livepoints, ~ 70k posterior
samples). The median value and the 68% CIs of the 1D marginal PDFs are written above each
column of the corner plot. In the panels on the top right, all highlighted regions correspond to
95% Cls. In the top middle panel, we plot the luminosity functions for redshifts 6,7, and 8. For
the luminosity function likelihood, we use the data shown in black squares [Bouwens et al., 2015,
2016, Oesch et al., 2018]. In the top right, we show a panel with three summary statistics, namely
the redshift evolution of the 21-cm power spectrum at & = 0.13 cMpc ™', the 21-cm global signal
and mean neutral fraction, from top to bottom. The black squares in the power spectrum plot
correspond to the two deepest limits for each HERA redshift band (k = 0.13 cMpc~! at z ~ 8 and
k = 0.17 cMpc~? at z ~ 10). In the bottom plot, the black square denotes the upper limit on the
average neutral hydrogen fraction obtained from the QSO dark fraction [McGreer et al., 2015]. In
the bottom right, we show the PDFs of the Thomson optical depth together with the Planck result
used in the likelihood. The astrophysical parameter ranges shown in the corner plot correspond
to the extent of the flat priors assumed for the igferences.
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Figure 2.7: Comparison of the mean spin temperature distribution from 21cmFAST and 2 1cmEMU
for each of the two HERA bands after performing an inference with the exact same likelihood.
The credible intervals have been calculated using the highest posterior density method. The dark
(light) cyan shaded region shows the 68% (95%) CI. The solid cyan line shows the distribution for
21cmFAST with 10k livepoints using Mul t iNest. The dashed orange line shows the same but for
21cmEMU. The dashed purple line shows the distribution for 21cmEMU but using the UltraNest
sampler with 5k livepoints.

impact the previously-shown posterior. Unfortunately, the current version of 21cmEMU does not
emulate the Lyman alpha forest, and so we cannot compute a likelihood directly in the observed
space of Ly« opacity fluctuations. Instead we take a more approximate approach, computing the
likelihood in the space of EoR histories, i.e., Zi;(2). To construct a likelihood in this space, we
use the EoR history posterior from Qin et al. [2021], who did in fact compute a likelihood from
forward-modeled Ly« opacities in addition to the dark fraction and 7, observations. Specifically,
we compute a new Late EoR posterior by replacing the dark fraction and 7, likelihood terms
with a Gaussian likelihood evaluated at three redshifts, Zy,(z = 6) = 0.25 £+ 0.07, Ty, (z =
7) = 0.58 £ 0.1, and Ty, (z = 8) = 0.79 £ 0.09, ignoring any covariance between redshifts.
Although this is obviously an approximation to computing the likelihood directly in the space of
the observations, it suffices to qualitatively show the impact of new EoR history constraints.

In Figure 2.9, we show the previous (Fiducial) posterior in purple (71k samples) together with
the new (Late EoR) posterior in orange (18k samples). Understandably, the corresponding recov-
ered EoR history in orange is narrowly centered around the three points at z=6, 7, 8 used to define
the likelihood. As a consequence, the posterior of the Thomson optical depth also becomes more
narrow, shifting toward lower values while still being within the range allowed by Planck obser-
vations. The resulting PDF of fe. 10 for Late EoR is also narrower, and shifted towards smaller
values. Even the power law scaling of the escape fraction with halo mass, s, is constrained to
within + 0.3 (68% C.1.) for Late EoR, whereas the Fiducial posterior only sets a lower limit for this
parameter. The remaining parameters are unaffected by the change to the Late EoR likelihood.

We also see that the recovered 21-cm large-scale PS for Late EoR is narrower at z < 8. The
large-scale 21-cm PS during the EoR peaks around its midpoint (e.g., Lidz et al. 2007, Pritchard
and Furlanetto 2007), which occurs at z ~7-8. The HERA22 upper limits disfavor higher values
of the 21-cm PS at z ~ 8§, but the tail towards small PS values seen in the Fiducial posterior
(corresponding to small Zyy,), shrinks when moving to the Late EoR posterior.
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Figure 2.8: Contribution of various likelihood terms to the total posterior. The corner plot on
the left shows the 95% CI of three inferences, all run with 21cmEMU and UltraNest. The full
posterior with all four probes is plotted in purple (exactly the same as the purple in Figure 2.6).
In green, we show the posterior without the HERA power spectrum upper limits term. In blue,
we additionally remove the neutral fraction and Thomson optical depth terms, leaving only the
UV luminosity functions terms. On the top right half of the plot, we show the 95% CI of the same
three posteriors but in the space of summary statistics: first the UV LFs, and then a panel with the
21-cm power spectrum, 21-cm global signal, and EoR history, top to bottom, and finally a panel
with the Thomson optical depth. In grey, we plot the summary statistic 95% CI assuming a flat
distribution across all nine astrophysical parameters which is what was used for the prior for the
21cmFAST inference.

18



21cmEMU: an emulator of 21cmFAST summary observables

Figure 2.9: Same as Fig. 2.6, but comparing the fiducial posterior (purple) with one obtained by
replacing the QSO dark fraction and 7, likelihood terms with a "Late EoR" likelihood denoted by
the three points with error bars in the middle right panel (orange. The "Late EoR" likelihood is
based on the inference results in Qin et al. 2021, which included recent measurements of opacity
fluctuations in the Lyman alpha forest. In the top right sub-panels, we show both the 68% (darker)
and 95% (paler) C.I.
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2.4.4 Forecasts for HERA Phase II sixth-season observations

We now forecast parameter constraints that could be achievable with the sixth season of
HERA observations, taken in 2022-2023 (Berkhout et al., in prep.). This season of observing used
Phase II of the HERA instrument, spanning 50-230 MHz (omitting the FM band, 9o-110 MHz),
expanding coverage to Cosmic Dawn and late reionization with respect to Phase I (which was
used for HERA22). While analysis of this season’s data is ongoing, its broad characteristics are
known [Dillon and Murray, 2021]: approximately 1300 hours of unflagged data over ~ 150 nights,
with an average of ~ 148 un-flagged antennas per night. Although further flagging will certainly
occur during processing, this dataset will be HERA’s most sensitive data release to date, by a
significant factor.

We create a mock observation corresponding to this upcoming dataset. For the "true" cosmic
signal, we use the Evolution of Structure (EOS) 2021 release [Mufioz et al., 2022]. EOS2021 is a
large simulation (1.5 cGpc per side with 1000? cells) made with 21cmFAST, with the goal of being
our current "best guess” for the true cosmic signal. Although it used the same parametrization
for galaxy scaling relations as is used here (see Section 2.2.1), the physical model of EOS2021
has a few notable differences. Instead of leaving M., as a free parameter, EOS2021 explicitly
calculated a local My, (x, 2) based on feedback from the local ionizing and photo-disassociating
backgrounds, as well as the relative velocities of baryons and dark matter. Furthermore, EOS2021
explicitly accounted for putative Poplll star formation in the first, Hy-cooled galaxies (MCGs, e.g.,
Tegmark et al. 1997, Abel et al. 2002, Bromm and Larson 2004, Haiman and Bryan 2006), which
dominated the background radiation fields at z > 16, for their fiducial parameter choices. As a
result of the models being different, 21cmEMU could result in a biased recovery of the EOS2021
signal; we quantify this below.

We use 21cmSense'! [Pober et al.,, 2013, 2014] to obtain thermal and sample variance esti-
mates of the HERA 6th season data, and describe our methodology and assumptions in App. A.1.
We consider our sensitivity estimate to be realistic, with a few important caveats, for example the
potential over-estimation of sensitivity when treating ‘similar’ baselines as identical [Zhang et al.,
2018]. The largest unpredictable caveat is of course the presence of instrumental systematics, for
which we describe our approach in more detail below.

Radio telescopes, including HERA, impose their own signature on observations — dependent
on the primary beam attenuation, antenna layout, channelization and other instrumental char-
acteristics. The effect of this instrumental signature on the observed power spectrum is such that
neighbouring Fourier modes are linearly 'mixed’ via a ‘window function’ matrix (e.g., Liu and
Tegmark 2011, Gorce et al. 2023). We calculated this window function using the hera_pspec'?
package. We did not use the exact HERA beam as in Gorce et al. 2023. Instead, we used the Gaus-
sian beam approximation which we deemed sufficient for this forecast (see Figure 7 in Gorce et al.
2023 for a comparison). Once we obtain the HERA window function, we matrix multiply it with
the emulated model to properly compare with the forecast.

We perform inference using the EOS2021 cosmological signal with the sensitivity estimates
from 21cmSense as the mock observation (see Fig. A.3 in Appendix A.1). This inference takes
about 30 GPU h to run to convergence with UltraNest. In Fig. 2.10 we show the resulting
posterior (HERA 6th season in orange) together with the previous result (Fiducial in purple). In
the top right panel we show the mock PS at k¥ ~ 0.16Mpc™! as orange points with associated
error bars. We see that based purely on the available S/N, the HERA sixth season data have
the potential to detect the cosmic PS during the EoR (6 < z < 8). The 95% CI of the inferred

https://github.com/rasg-affiliates/21cmSense
“https://github.com/HERA-Team/hera_pspec
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Figure 2.10: Forecasted constraints from mock HERA Phase II season six observations (see text
for details) are shown in orange. The mock PS amplitudes at k ~ 0.16 Mpc~! are shown as orange
points with error bars in the top right panel, together with current upper limits from HERA22.
The parameters of the cosmological simulation used for the mock observation, EOS2021, are
denoted with blue lines in the corner plot. We caution that the theoretical model used in EOS2021
and that used in 21cmEMU are somewhat different, as discussed in the text. As M; ., in EOS2021
evolves with redshift (see Fig. 5 in Mufoz et al. 2022), here we demarcate its range during the
EoR (ie, 6 < z < 8 where the mock observations imply a detection). For more details about the
panels, see the legend in Fig. 2.6.
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PS (orange) go tightly around the data points. This unbiased recovery is reassuring, given the
above-mentioned differences in the theoretical models used for the mock and forward-modeled
data. Indeed, most of the "true" astrophysical parameters from EOS2021 (denoted with blue lines
in the corner plot) are consistent with the recovered orange posteriors. Parameters governing X-
ray heating, Lxorev/SFR and Fj, are recovered with the lowest accuracy, with the true values
residing outside of the 68% CI of their 2D PDF. This is understandable, because the 21cmEMU
forward models do not include the additional radiation from Hs-cooling galaxies, which dominate
the X-ray heating at z > 16.

Comparing to current constraints (Fiducial posterior in purple), we see that that HERA 6th
season data have the potential to drastically improve our knowledge of the EoR. The HERA 6th
season EoR history Ty, (2) is constrained to within +0.1 (95% C.L): a factor of = 3 improvement
over current limits. As a result, we can place much stronger constraints on the characteristic
ionizing escape fraction, fesc 10, and its dependence on galaxy mass, (vesc, Which are almost com-
pletely unknown currently.

It is important to note that these two posteriors use a different form for the likelihood. For
the HERA 6th season forecast, we assume that there are no residual systematics after processing of
the HERA data. This is in contrast to the previous likelihoods, which assume that each k-mode
has a positive systematic whose prior amplitude is uniform and unbounded [cf. HERA Collabora-
tion et al., 2022b]. In practice, assuming no residual systematics results in a two-sided Gaussian
likelihood, corresponding to a ‘detection’, whereas the traditional likelihood has been a one-sided
error-function corresponding to an ‘upper-limit’. We make this choice as it is not straightforward
to sample from the unbounded uniform prior for systematics when creating the mock data for
the forecast. The resulting tighter parameter posteriors for the new data are therefore the result
of an admixture of the new more sensitive data and the (effectively) more constrained priors on
systematics.

2.5 Conclusion

Here we introduced 21cmEMU: a publicly-available emulator of several summary observables
from 21cmFAST. We trained the emulator on 1.3M pseudo-posterior samples from the inference in
HERA22. The input consists of a nine parameter model characterizing the UV and X-ray outputs
of high redshift galaxies. The output consists of: (i) the 21-cm power spectrum as a function of
redshift and wavemode; (ii) the IGM mean neutral fraction as a function of redshift; (iii) the UV
luminosity function at four redshifts 6, 7, 8, and 10; (iv) the Thompson scattering optical depth to
the CMB; (v) the mean spin temperature as a function of redshift; and (vi) the 21-cm global signal
as a function of redshift. The emulator predicts all of these quantities with under ~ 2.4% error
at 68% CL, and a computational cost that is lower by a factor of ~10000 compared to 21cmFAST.

We varied the size of the training set, finding only a modest decrease in performance (a factor
of ~2 decrease in the FE) as the number of samples was reduced from 1.3M to ~100k. Below
~100k samples, we saw a sharp drop in performance, with the fractional error increasing roughly
as the inverse of the size of the training set.

We validated the emulator’s performance in inference by comparing the posteriors obtained
with 21cmEMU vs 21cmFAST using the same likelihood (taken from HERA22). We found a very
modest difference between these two posteriors, further illustrating that the emulator error is
negligible when performing inference using current data.

Next, we profited from the speed of our trained emulator to perform multiple inferences that
would otherwise be very costly using direct simulation. First, we studied the constraining power
of each term in our fiducial likelihood. We found that current observations are very complemen-

22



21cmEMU: an emulator of 21cmFAST summary observables

tary, with UV LFs constraining the stellar-to-halo mass relations, EoR history probes constraining
the ionizing escape fraction, and the addition of 21-cm PS upper limits constraining the X-ray lu-
minosity to SFR relation.

We also explored the impact of new EoR history constraints, driven by opacity fluctuations in
the Lymana forest. These recent observations imply much tighter constraints on the EoR history,
finishing at z < 5.6 (e.g., Qin et al. 2021, Mondal et al. 2022). The inclusion of these new limits
tightened the recovered constraints on the ionizing escape fraction and its scaling with halo mass.
The impact on other parameters was modest.

Finally, we presented forecasts of parameter constraints achievable with ongoing 6th season
phase Il observations with the HERA telescope. Optimistically, we could expect a detection of the
21-cm PS at 2 ~6—7. This would result in a large improvement in the recovered timing of the EoR,
allowing us to infer Ty, (2) to within & 0.1 (95% C.L): a factor of 2 3 improvement over current
limits. As a result, we could place stronger constraints on the characteristic ionizing escape
fraction and its dependence on galaxy mass, which are almost completely unknown currently.
We cautioned however that this forecast is optimistic, mainly because it assumed there are no
residual systematics in the processed data (see Appendix A.1 for more details).

21cmEMU was trained on a database of summary observables where only one seed i.e., random
set of initial conditions is available per combination of astrophysical parameters. In the future,
we hope train the emulator on a database that samples many different seeds in order to emulate
a full likelihood function rather than only approximate the mean as we do right now. This is
important since Prelogovi¢ and Mesinger [2023] showed that using a single random seed when
forward modeling can bias the inference results.

We make 21cmEMU publicly-available at https://github.com/21cmfast/21cmEMU, and
include it as an alternative simulator in the public 21cmMC'? sampler. We will periodically release
updated versions, trained on the latest galaxy models and expanding the choice of summary
outputs.
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Data Availability

The trained emulator is on a publicly accessible github repository, as well as available for
install as a Python package using pip.
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Appendix A

Parameter space dependence of the
21-cm PS emulation error

In this appendix, we look at how the emulation error is distributed over the 9D input param-
eter space. In Figure A.1, we show the 21-cm power spectrum test set fractional error as a 2D
histogram as a function of each pair of input astrophysical parameters. On the diagonal, we show
the histogram (probability density) of each astrophysical parameter in the test set.

As expected, the emulation error peaks at the edges of parameter space where the density of
samples is the lowest (see also Fig. 9 in Kern et al. 2017 and top plot in Fig. 18 in HERA Collabo-
ration et al. 2022a). However, the inclusion of the rejected livepoints in the training allowed our
emulator to generalize well beyond the peak of the posterior (c.f. Fig. 2.6). Importantly, the mean
FE remains modest (< 2%) throughout the prior volume.

A.1 21cmSense Sensitivity Estimates for HERA’s 6th-Season

To obtain mock error estimates for the forecasted sixth season of HERA observations, we used
the updated open-source 21cmSense’ tool. The general algorithm of 21cmSense can be found
in Pober et al. [2014] and in the extensive documentation and tutorials of the updated codebase®
(see also Liu and Shaw [2020] for a review including a similar argument). A brief outline of the
calculations is as follows: 21cmSense estimates thermal noise on any 3D k-mode as

2

o T o
Pyv(k, .k — W (k. k A.
N (kL k) o NkLAWimf( k), (A1)

where T, is frequency-dependent system temperature
Tsys - sky(y) + Trcv(l/)a (AZ)

Av = 122.07kHz is the channel width of the observation and 7;,; = 300 sec is the coherently-
averaged LST-bin size used in the analysis®. Furthermore, £ is a ‘flag’ function that takes the
value o or 1 depending on the location of the 3D mode with respect to the foreground wedge (see
below).

'https://github.com/rasg-affiliates/21cmSense.

’e.g., https://21cmsense.readthedocs.io/en/latest/tutorials/understanding_21lcmsense.
html

3In general, 21cmSense uses the more fundamental snapshot integration time of the instrument, and re-phases
observations over a longer ‘coherent observation duration’, however HERA is a drift-scan telescope that performs
no re-phasing, and all observations within an LST bin are considered coherent without re-phasing.
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Figure A.1: Distribution of the mean fractional error of the emulated log A%,. The colour of each
bin in the 2D histogram is a weighted mean of the fractional error of the samples therein. On the
diagonal, we show the 1D marginal density distribution of each astrophysical parameter in the
test set. Note that the range of astrophysical parameters in the corner plot corresponds to the
ranges taken for the flat prior of the inference used to generate the database.
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In this equation, Vi, represents the number of samples of this angular scale observed coher-
ently throughout the observing season (i.e., observations that are averaged together as visibili-
ties). In 21cmSense, this is estimated by creating a grid on the k 1 plane, whose cells are the size
of the primary beam of the instrument in Fourier-space (for HERA, this is 7\ at 150 MHz), and
binning the the baseline coordinates into this grid*. In addition to the number of samples in a
bin coming from different (redundant) baselines, we also have samples from the same baseline at
different times. Here, samples at the same LST on different nights are averaged coherently, but
samples at different LSTs are averaged incoherently (i.e., after forming power spectra). Currently,
21cmSense only has support for specifying the number of nights observed and the number of
hours observed each night (thereby specifying the number of LST bins in conjunction with the
LST bin duration). However, in realistic observational programs, the same LST bins are not ob-
served each night (whether due to the evolution of the sky throughout the season, or through
flagging / data quality concerns). To partially account for this, we define a function n,s(LST)
which counts the number of unflagged days observed over the season for any given 300-second-
long LST bin (note that this accounts for flags of the entire observation, due to things like poor
weather or correlator malfunctions, but not antenna- or channel-specific flags). To map this non-
constant function of LST bin onto the schema available in 21cmSense, which assumes the same
LST bins are observed each night, we set

nLST 2 LST)
Ndays,eff = \/ZLST obs (AS)
nLsT
and tqay = nrgr X 300sec. This achieves the same resulting thermal noise level, under the

assumption that the sky temperature is constant over the LST bins. We use actual sixth-season
HERA measurements for 7.y, as shown in Fig. A.2. We calculate ng,ys s = 67.4 for coherent
averaging and t4,, = 21 hr for incoherent averaging (i.e., the thermal noise from our observing
pattern is equivalent to observing 253 300-second LST bins each for 67.4 days). Finally, we apply a
further factor of € = 0.9 to nqays o to broadly account for finer-scale flags applied during analysis
that are unaccounted in the LST-bin observing pattern of Fig. A.2. In summary, we have

Ni, = €Npik, Naays,eff/1LST- (A.g)

The line-of-sight modes observed depend on the channel width, as already defined, and also
the bandwidth of the observation. While HERA Phase II observes 200 MHz of bandwidth from 5o -
250 MHz, power spectra are estimated in smaller ‘spectral windows’ whose size is determined by a
number of factors. Chiefly, the windows are as wide as possible, so as to include the largest scales
where the signal is strongest, but are constrained by lightcone evolution [Trott, 2016, Datta et al.,
2012, Greig and Mesinger, 2018] to be effectively smaller than ~ 10 MHz. In practice, spectral
windows are chosen to lie between strongly flagged channels (eg. FM band and Orbcomm), which
means their width is not constant. Here, we use constant 20 MHz spectral windows, where we
assume a Blackman tapering function is applied to each window to reduce the effective bandwidth
to ~ 10 MHz (and an appropriate scaling factor of 1.737 is applied to the final noise level). We
calculate noise estimates for all spectral windows between 50-250 MHz, excluding the FM band
between 9o-110 MHz.

We use a model for T, that is a power-law in frequency, with amplitude and spectral-index
obtained from simulated auto-correlations of the diffuse sky, using the GSM [de Oliveira-Costa

4This is probably the greatest departure from the actual HERA analysis, which coherently averages only redun-
dant baselines, i.e., those that are equivalent to within several centimeters.
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Figure A.2: The number of times each 300-second LST bin was observed and un-flagged in HERA’s
sixth season, used for sensitivity estimates. Note that this accounts only for flags arising from
strong effects that affect large swathes of the observed antennas and/or channels (eg. lightning
storms, correlator outages), and further flags are applied in the downstream analysis.
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et al., 2008] and the HERA Phase II primary beam [Fagnoni et al., 2021] at LST=7 hours:

Ty = 150K x (A.5)

v -25
<m) ‘
Currently, 21cmSense is not able to use different sky models for different LST-bins, so this
choice represents the temperature for the most-observed LST bin. For 7., we use a frequency-
dependent model based on electromagnetic simulations performed in Fagnoni et al. [2021], in-
terpolated by a cubic spline. This model is close to a power-law at low frequencies, with an
amplitude of ~ 600K at 50 MHz and asymptoting to a const ~ 60 K by 200 MHz.

We construct several estimates of the noise based on different effective observing arrays.
The sixth season of HERA data observed with a maximum of 209 antennas simultaneously in
any given night (of the total 350 antennas available). The bulk of these antennas observed con-
sistently throughout the season, though a fraction of them were swapped in and out. In our
estimates here, we assume that the same antennas observe consistently throughout the season,
which is a reasonable approximation. Nevertheless, in practice, even though 209 antennas are
being correlated at any given moment, some fraction of them are flagged over all channels (e.g.,
due to swapped polarizations, non-redundancies from physical effects such as feed displacement,
or X-engine failures that affect a subset of antennas, etc.). The average number of antennas actu-
ally observing per-night throughout the season is as-yet unknown, though initial estimates place
it at ~ 150 antennas [Dillon and Murray, 2021]. Here we use N, = 148, where the antennas
are drawn randomly from the set of 209 antennas that actually observed throughout the season.
In all cases, we use only baselines whose East-West length is greater than 15 m (i.e., we exclude
North-South baselines, as their systematics are more difficult to filter out), and also only include
baselines shorter than 150 m, similar to analyses of previous HERA seasons.

After obtaining the 3D sensitivity grid, we incoherently average into 1D spherical |k|-shells
with bins of width Ak;|. In this process, we flag out (|k |, k)|)-bins within the foreground ‘wedge’
[Liu et al., 2014a,b], defined by

dk,

wedge - 0]
k748 = 0.15hMpe ™" + i (v)—=,

C

(A.6)

with |b| the baseline length (in meters) corresponding to a given k,, and dk)/dn a redshift-
dependent cosmological factor converting bandwidth into cosmic distance. This corresponds
to the ‘horizon’ limit of foregrounds in delay-space, plus a conservative buffer of 0.1 2~/Mpc (cor-
responding to the buffer used in first-season HERA analyses).

In addition to the thermal variance, cosmic- (or sample-) variance is added, proportional to a
fiducial cosmological power spectrum, Pfheory divided by the number of LST bins and &, -modes in
a spherical shell. We note that using the number of LST-bins is inspired by the idea that LST-bins
should capture the entire duration of ‘coherence’, equal to roughly the beam-crossing time for
an antenna. However, HERA is conservative in using shorter coherence times, resulting in many
more LST-bins. This reduces the thermal sensitivity, but artificially reduces the cosmic variance
estimated by 21cmSense. Nevertheless, since cosmic variance is generally a sub-dominant con-
tribution to the total variance, this should not have a large effect on the results presented here.
For the fiducial theoretical model, we here use the model from Mufioz et al. [2022].

We summarize the parameters used in Table A.1 and show the full HERA phase II 6th season
sensitivity forecast in Figure A.3.

There are a few caveats to these estimates. Most importantly, baselines found within 7\ UV-
bins together are considered redundant, while in the HERA analysis only baselines within 10 cm
are considered redundant. This will artificially increase thermal sensitivity estimates. Secondly,
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Parameter Description Value
Nants Number of antennas within the 209 available ac- | 75, 100, 120, 148, 209
tually observed
Ty Sky temperature model 150K (v/150MHz) 2
Trev Receiver Temperature Empirical, 600 K at 50 MHz,
60 K above 200 MHz
Av Channel width 122.07 kHz
Tint Coherent integration time (LST bin width) 300 sec
Au UV-grid size for coherent baseline averaging 7 A
Ndays eft Effective number of days observed coherently 67.41
tday Effective observed hours per day 21 hours (253 LST bins)
€ Efficiency factor for frequency-dependent flags | 0.9
B Spectral window bandwidth 20 MHz
B.g Effective spectral window bandwidth after | 11.51 MHz
Blackman taper
FG Wedge Level | Line-of-sight scale below which modes are fil- | 0.15 h/Mpc + horizon
tered
Theory Model | Cosmological PS from which to calculate cosmic | Muifioz et al. 2022
variance

Table A.1: Parameters used within 2 1cmSense to obtain sensitivity estimates for the sixth season
of HERA observations. See App. A.1 for details on the algorithm. ™ note that Nays e and tiy; are
effectively equivalent to the actual LST footprint of the season in terms of thermal noise, under
the assumption that the sky temperature is constant with LST.

the sky temperature is considered constant over the LST bins. To minimize the effect of this lim-
itation, we use a sky model that is based at the most-observed LST (7 hours). Thirdly, cosmic
variance is reduced as the square root of the number of LST bins, instead of the number of inde-
pendent ‘fields’ observed. This artificially increases the sensitivity from cosmic variance, though
this should not have a large effect since this is the sub-dominant contribution on most scales and
redshifts. Finally, in this forecast we did not decimate the k-bins as was done in previous analyses.
This results in some unaccounted covariance between k-bins that would tend to over-estimate
the sensitivity. We do not expect this to significantly affect the qualitative conclusions derived
from the forecast.
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Figure A.3: HERA phase II 6th season sensitivity forecast obtained using 21cmSense with the
parameters specified in Table A.1. Note that in practice, HERA decimates the k-bins to avoid
requiring non-diagonal covariance (e.g., HERA Collaboration et al. 2022a). Here we have approx-

imated this practice by using only half of the above k-bins (those highlighted in black) when
computing the likelihood for our inference.
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Chapter 3

21cmEMUvV3: a score-based diffusion
emulator of 21cmFAST summary
observables including Pop II and Pop III
stars

Daniela Breitman', Andrei Mesinger®, Steven G. Murray*, Ivan Nikoli¢*,

Roberto Trotta?34
Draft to be submitted to Astronomy and Astrophysics shortly.

3.1 Introduction

The cosmic dawn (CD) of the first luminous objects and subsequent reionisation of the in-
tergalactic medium (IGM) remain two of the greatest mysteries in modern cosmology. In recent
years, observations of the CD and the epoch of reionisation (EoR) have increased dramatically,
particularly through efforts to detect the 21-cm line of neutral hydrogen. Dedicated experiments
such as the Murchison Widefield Array (MWA; Tingay et al. 2013), the Hydrogen Epoch of Reion-
isation Array (HERA; DeBoer et al. 2017), and the LOw Frequency ARray (LOFAR; van Haarlem
et al. 2013) are focused on detecting the 21-cm power spectrum. In the coming decade, the Square
Kilometre Array (SKA, e.g. Mellema et al. 2013, Koopmans et al. 2015, Mesinger 2019) is expected
to deliver a tomographic map of the 21-cm signal from over half of the observable Universe.

Robust interpretation of these observations requires Bayesian inference. Such inferences re-
quire hundreds of thousands of forward model evaluations, and can thus be computationally
demanding with even the most efficient semi-analytical simulators (e.g. HERA Collaboration
et al. 20224, 2023) that typically require 2 1 core hour per forward model. Moreover, with direct
simulation, a new inference must be performed from scratch to interpret every new observation.
To keep up with the fast pace of observational data releases, there has recently been an increased
interest in methods that reduce the computational cost of Bayesian inferences such as emulation

*Scuola Normale Superiore (SNS), Piazza dei Cavalieri 7, Pisa, P1, 56125, Italy

*Centro Nazionale “High Performance Computer, Big Data and Quantum Computing"

3Scuola Internazionale Superiore di Studi Avanzati (SISSA), Via Bonomea 265, 34136 Trieste, Italy

4Imperial Centre for Inference and Cosmology (ICIC), Imperial College, Blackett Laboratory, Prince Consort Road,
London SW7 2AZ, UK.
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(e.g. Kern et al. 2017, Shimabukuro and Semelin 2017, Schmit and Pritchard 2018, Jennings et al.
2019, Ghara et al. 2020, Mondal et al. 2022).

Emulation is a form of so-called amortized inference, where we pay an upfront cost when
building the database to train the neural network (NN), typically computationally cheaper than
one inference. After the emulator is trained, inferences are fast and can be preformed in minutes
> every time a new observational data set is released 3.

In Breitman et al. [2024], we presented 21cmEMUV1, the very first emulator of six 21cmFAST
summary observables that produces inferences in a matter of a few GPU hours 4, over 10° times
faster than previous state-of-the-art inferences. We used 21cmEMUv1 to demonstrate how the
synergy of current multi-tracer EOR/CD observations, such as UV luminosity functions [Bouwens
etal., 2015, 2016, Oesch et al,, 2018], Thomson scattering CMB optical depth [Planck Collaboration
et al.,, 2020, Qin et al.,, 2020], and Lyman forest dark fraction [McGreer et al., 2015] allows us to
learn about the first galaxies even with preliminary observations such as upper limits on the 21-
cm PS. We show that current preliminary observations of 21-cm PS, in fact, rely on synergies with
other probes in order to improve constraints, and are otherwise powerless on their own. In Cang
et al. 2024, we introduced 21cmEMUvV2 where we provide a different astrophysical model which
includes a population of molecularly-cooling galaxies (MCGs) to model the very first luminous
sources (pop III stars) in addition to the population of atomically-cooling galaxies (ACGs, aka pop
II stars) already present in 21cmEMUv1. Moreover, 21cmEMUv2 features an exotic heating model,
in which these MCGs source a radio background that is in excess of the CMB. We perform 21(!?)
inferences with different foreground and systematics models, and, using the Bayesian evidence,
find that current observations of the global 21-cm signal from EDGES [Bowman et al., 2018], in
fact, strongly disfavour exotic models with a strong radio background.

In this work, we present 21cmEMUV3, a significant expansion to 21cmEMUv1and v2, both in
terms of the physical model as well as the network architecture: (i) 21cmEMUV3 is trained on a
21cmFAST model including both populations of atomic and molecularly-cooling galaxies where
we vary the escape fractions, stellar-to-halo mass relation (SHMR), and X-ray luminosity for the
MCG population, for a total of ten astrophysical parameters with the new addition of the matter
power spectrum normalisation parameter og, for a grand total of eleven input parameters; (ii)
21cmEMUV3 is the first emulator of the cylindrical (2D) 21-cm PS, which is required in order to
compare to interferometric observations in a "like-to-like" fashion (see Breitman et al. 2025a for
an in-depth discussion). Since the 21-cm PS is anisotropic due to RSDs (e.g. Mao et al. 2012,
Jensen et al. 2013, Pober et al. 2014, Ross et al. 2021) and lightcone evolution (e.g. see Mao et al.
2012, Datta et al. 2014, Greig and Mesinger 2018), averaging the 21-cm PS over different regions
of k-space, as often happens since instruments probe much larger scales than simulations, can

*The time it takes to run an inference depends on the complexity of the posterior being sampled, as well as
the sampler itself. Samplers such as MultiNest [Feroz et al., 2009] prioritise speed over correctness and often
require much fewer likelihood evaluations than, for example, UltraNest [Buchner, 2016, 2019, 2021] that prioritises
correctness over speed. In our application, the inference can be performed in a few GPU minutes with MultiNest
and in a few GPU hours with UltraNest.

30ne drawback of emulation is the need to explicitly specify a likelihood, which can be intractable for many
summary statistics. Simulation based inference (SBI; e.g. Cranmer et al. 2020) gets around this problem by learning
the likelihood or posterior through repeated samples from a stochastic simulator and is therefore another form
of amortized inference. However, SBI methods can be limited by the accuracy of the density estimation of the
likelihood or posterior (e.g. Meriot et al. 2024). Current and upcoming EoR/CD observations are of low S/N making
the corresponding likelihoods close to Gaussian (e.g. Prelogovi¢ and Mesinger 2023). Furthermore, SBI relies on
forward modelling the observational uncertainties and as such would need to be retrained every time there is a new
observation. Therefore, emulation is currently by far the most practical form of amortized inference for EoR/CD
observations, and is likely to remain so in the near future before datasets mature.

4See footnote 1.
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lead to biases in the recovered posterior. Emulating the 2D 21-cm PS enables choosing a k-space
footprint that is more similar to that of the observation, thus allowing for an unbiased inference;
(iii) It is also the first score-based diffusion [Hyvirinen, 2005, Sohl-Dickstein et al., 2015, Song
and Ermon, 2020, Song and Ermon, 2019, Song et al., 2020] emulator of the 21-cm PS, which
learns to generate realisations of the 21-cm PS. Moreover, its performance is vastly superior to a
convolutional NN (CNN) as in v1 and v2; (iv) In 21cmEMUv3 the rest of the summary observables
are emulated with long-short term memory (LSTM) layers [Hochreiter and Schmidhuber, 1997],
whose purpose is to better capture the temporal structure in timeseries data (e.g. Prelogovic et al.
2022, Dorigo Jones et al. 2024). In v1 and v2, these are instead emulated with fully-connected
layers.

We begin by introducing the physical model being emulated in Section 3.2. Next, we describe
the machine learning architecture of the emulator in Section 3.3. In Section 3.4, we quantify
the performance of 21cmEMUV3 on a test set. In Section 3.5, we apply 21cmEMUV3 in inference
problems. We conclude in Section 4.7.

3.2 Simulated database

21cmEMUV1 (Breitman et al. 2024) was trained on a 21cmFASTv3 (Mesinger et al. 2011, Mur-
ray et al. 2020) model where all galaxies are characterised by a single galaxy population. The-
ory suggests that the first generation of stars, formed of primordial gas, cooled inside 10% —
10® Mg, halos through the molecular hydrogen cooling channel (e.g. see Barkana and Loeb 2001).
Such molecularly-cooled galaxies (MCGs) can have vastly different physical properties from their
larger descendents that cool through atomic cooling (atomically-cooled galaxies; ACGs)

There have been many studies exploring the role MCGs play in cosmic history (e.g see Barkana
and Loeb 2001, Holzbauer and Furlanetto 2011, Fialkov et al. 2013, Wolcott-Green et al. 2017,
Schauer et al. 2021, Munoz et al. 2022). Here we build an emulator for such a model that has two
galaxy populations (ACGs and MCGs; see also Lazare et al. 2023) allowing for each one to have
its own set of scaling relations (for a detailed description of the physical model, see Qin et al. 2020
and munoz), which we introduce briefly below.

3.2.1  Pop II and Pop III hosting galaxies

Galaxies form when gas from the IGM accretes onto its host dark matter halo and cools until
it collapses to form stars. Galaxies can be distinguished via the dominant cooling channel which
enabled their formation: (i) atomic-cooling galaxies (ACGs, aka population II stars) that obtained
the majority of their gas through cooling via HI and He line transitions (efficient at virial tem-
peratures Ty, = 10% K); and (ii) molecularly-cooling galaxies (MCGs, aka population III stars)
that cooled through H, rotational and vibrational transitions efficient around virial temperatures
10°K < Tyi, < 10%K and T, < 10%K, respectively. However, H, can be dissociated by the build
up of a Lyman-Werner (10.-13.6eV) background, and we therefore expect that eventually ACGs
dominate cosmic radiation fields. Here, we allow ACGs and MCGs to have different properties,
assuming that their stellar populations are dominated by Popll and PopllI stars respectively.

The stellar mass M, e mce) of an ACG (MCG) galaxy hosted by a halo of mass M), is power-
law for the faint galaxies (hosted by M, < 10'2M, halos) that dominate the cosmic radiation
fields at z > 5 (e.g., Kuhlen and Faucher-Giguere 2012, Das et al. 2014, Behroozi and Silk 2015,
Mutch et al. 2016, Sun and Furlanetto 2016, Yue et al. 2016):

Mh Qs AcG (MCG) Qb
M., =min |1, f, X | =— | M, 1
LACG (MCG) |i f ,10(7) (M10(7)) } (Qm h (3 )
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where () is the universal baryon energy density (as a fraction of the critical energy density),
and (2, is the total matter (i.e., cold dark matter and baryon) energy density. We may write the

stellar fraction in ACGs (MCGs) as fs acc (uce) = J+,10(7) Mm]:n) e € [0,1], with f, 107

corresponding to the fraction of galactic gas in stars normalized to the amount in a halo of mass
Moy = 10 M. These stellar-to-halo mass relations (SHMRs) introduce a total of four free
parameters: the normalisation and power-law index of each of the two relations. We keep f. 10(7)
and o, ,cc as three free parameters, and fix o, ycc = 0.5 (because...too high dimensional, can’t
put a prior on it anyway, will not be constrained by observations etc.).

We assume that the star formation rate (SFR) is proportional to the Hubble time, H~'(z), (or
analogously the dynamical time, which also scales with the Hubble time during matter domina-
tion):

M*,ACG (McG) — ﬁa (3~2)

where the characteristic star formation timescale, ¢, € [0, 1], is another free parameter.

Star formation is suppressed in low mass halos due to inefficient gas cooling and/or feed-
back (e.g., Hui and Gnedin 1997, Springel and Hernquist 2003, Okamoto et al. 2008, Sobacchi and
Mesinger 2013, Xu et al. 2016, Ocvirk et al. 2020, Ma et al. 2020). We account for this suppression
by including an exponential duty cycle to the mass function of halos (HMF) that host star-forming
ACGs (MCGs):

ACG

ex — crit
ACG (MCG) __ dn p Mp,
¢ - X MMeG (3-3)
th exp _ crit exp — &l
My, M9
M8 js the turnover mass below which star formation is suppressed, which we write as:
MACG (mcG) Mcool (diss) Mion MY ( )
crit = max crit » ¥ erity “Merit | 0 34

where we assume it is dominated by three physical processes: (i) inefficient cooling M be-

low the atomic cooling threshold for ACGs and Lyman-Werner feedback that photodissociates
molecular hydrogen via the two-step Solomon process, M55, for MCGs; (ii) photoheating feed-

crit »
back, Méffé, (iii) supernova feedback, M?>Y,. Moreover, for MCGs, in addition to the lower mass
threshold, MY<¢, we also include a second exponential term with an upper mass threshold, M3,
to transition between MCGs and ACGs around the atomic cooling threshold 7%, ~ 10*K.
The typical ionizing escape fraction, fescacemes) € [0, 1] is described by a power-law (e.g.,

Paardekooper et al. 2015, Kimm et al. 2017, Lewis et al. 2020), similar to the SHMR:

) Mh Qesc
fesc,ACG (mMcg) — 11111 |}7 fesc,l()(?) (M > :| ) (3-5)
10(7)

where we have a total of three free parameters for both relations: the normalizations fesc 10(7),
and the power-law index, agc.

The specific X-ray luminosity escaping the galaxies is also taken to be a power-law in energy
(e.g., Das et al. 2017), Lx acc (ucs) X £27“X. We normalise it via the sofi-band (i.e. < 2 keV) X-ray
luminosity per unit SFR for each galaxy population:

2keV
L;gigﬁz(\;;//M*,ACG (Mmcc) — / dE LX/M*,ACG (McG) s (3~6)

Ey

where Fj is the minimum energy of X-ray photons capable of escaping their host galaxy, for
a total of three additional free parameters. We only consider the soft-band luminosity because
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Parameter Limits Description

logyg f+.10 € [-2,-0.5] SHMR normalisation for ACGs

Oy aca € [0, 1] power-law index for SHMR for ACGs

ts € [0.01,1] characteristic SF timescale

logyg fesc,10 € [-3,0] normalisation of the ionizing escape fraction to
halo mass relation for ACGs

Olesc € [-1,1] power-law index of the ionizing escape fraction
to halo mass relation for ACGs and MCGs

logyo fer € [—4,—-1] SHMR normalisation for MCGs

logyg fese,r € [-3,—1] normalisation of the ionizing escape fraction to

halo mass relation for MCGs
—1

log o L5 ooy /SFR € [38,43] 72— soft-band X-ray luminosity per unit SFR for

Mo yr—
ACGs
log g LxEyey/SFR € [39,44] 5750 = ;r ", soft-band X-ray luminosity per unit SFR for
MCGs
Ey € [100, 1500] keV  minimum energy of X-ray photons capable of es-
caping their host galaxy
o8 € [0.75,0.85] matter power spectrum normalisation

Table 3.1: In 21cmEMUV3, we model ACGs and MCGs by varying a total of eleven parameters:
seven ACG astrophysical parameters, three MCG astrophysical parameters, and one cosmological
parameter og.

harder photons have a mean free path longer than the Hubble length and thus do not interact
with the IGM.

In 21cmEMUV3, we model ACGs and MCGs by varying a total of eleven parameters: seven
ACG astrophysical parameters, three MCG astrophysical parameters, and one cosmological pa-
rameter og. In Table 3.1, we list the 21cmEMUvV3 input parameters and their limiting values in the
database used to train the emulator °.

3.2.2 Summary observables

For a set of cosmological and astrophysical parameters, 21cmFAST produces 3D lightcones
of IGM properties. When performing inference, these lightcones are generally compressed into
summary statistics that are compared directly with observations. As such, rather than emulating
full 3D lightcones, we also emulate only lower dimensional summary statistics:

(i) @w(z) — volume-averaged (global) neutral fraction of hydrogen and helium as a function
of redshift (aka EoR history).

ii) T(z) — the mean IGM spin temperature as a function of redshift.

(iiiy 6T (2) — global 21-cm brightness temperature (e.g., Madau et al. 1997, Furlanetto 2006,

>Note that these limits do not correspond to the prior of the database as we did not use a flat prior for most of
the parameters.
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Pritchard and Loeb 2012):
Is —Tr

T, 2) = (1~ ) 37
Qh2\ [ 0.15 1+ 2\"?
~ 27 2yl + 6 K
za(l + ) (0.023) (th2 10 ) o

<(Pm) largrm)

where 75; is the 21-cm optical depth of the intervening gas, 6, = p/p — 1 is the baryon
overdensity, with p being the baryon density, and 75 and 7Ty are the spin and background
temperatures, respectively. We assume throughout that the radio background is provided
by the CMB, Tg = Tcwmp is the temperature of the CMB. We note that 21cmFAST computes
the brightness temperature at each cell location, x, using the exact expression in the first
line of the equation above; the second line is a Taylor expansion in the limit of 75; < 1 that
provides physical intuition.

(iv) A2 (ky, k), z) — cylindrically-averaged 21-cm power spectrum (PS) as a function of sky-
plane mode &, and line-of-sight (LOS) mode ky: A3, (ky, ky, z) [mK?] = k3 ) (2n? W (TyTy),
where k =, /k? + kH’ and Tj(k, z) is the Fourier dual of the brightness temperature from
eq. (3.7).

) &(Mis500, 2) — the non-ionizing UV luminosity function (UV LF), defined as the number
density of galaxies per UV magnitude, M50, as a function of redshift. The ~1500 A rest
frame luminosity is calculated from the SFR: M*(Mh, z) = Kyv X Lyy, where Kyy =
1.15 - 1072Mgyr~! Hz s erg™! assumes a Salpeter initial mass function (e.g., Madau and
Dickinson 2014, Sun and Furlanetto 2016). The UV luminosity is related to the AB magnitude

using [Oke and Gunn, 1983]: log (#) = 0.4 x (51.63 — Myv).

(vi) T —the Thompson optical depth to the last scattering surface (LSS): 7. = ZLSS dz ‘Cdt‘ Ne,
where o is the Thompson scattering cross section and n, is the electron number density
calculated assuming hydrogen and helium are singly ionized at a fraction (1 — Ty;) and that
helium is doubly ionized at z < 3.

We create a database of about 47k samples by varying the 11 parameters listed in Table 3.1
using a Bayesian inference framework whose prior corresponds to the limits shown in the table.
The inference is informed by three datasets: (i) Thomson scattering optical depth to the CMB
[Planck Collaboration et al., 2020, Qin et al., 2020]: Gaussian likelihood around 7, = 0.0569 " (0s¢:
(if) UV luminosity functions [Bouwens et al., 2015, 2016, Oesch et al., 2018]: Gaussian likelihood
at redshifts z = 6,7, 8, 10. ; (iii) Ly« forest [Bosman et al., 2018, D’Odorico et al., 2023]: Gaussian
likelihood comparison to measured CDF of Ly« forest effective optical depth from Bosman et al.
2018.

3.3 21cmEMUv3 architecture

As shown in Figure 3.1, the 21cmEMUvV3 emulator is composed of two independent parts:
the generative score-based diffusion model for the cylindrical 21-cm PS (rightmost branch in
Figure 3.1), and the LSTM and fully-connected NN that emulates the remaining five summary
observables.
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Figure 3.1: Architecture of the 21cmEMUV3 emulator. On the right: a network composed of five
branches predicts the timeseries statics with LSTM layers and the Thomson scattering optical

depth with a fully-connected NN. On the left: the cylindrical 2D 21-cm PS is emulated with a
score-based diffusion network.
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3.3.1 Generative score-based diffusion emulator of the cylindrical 21-
cm PS

Emulating 2D PS is a conditional image generation task for which diffusion models exhibit
state-of-the-art performance.

We adopt a state-of-the-art NN architecture for conditional image generation: a score-based
diffusion model (e.g. Kawar et al. 2022). In this work, we use the same architecture as in Breitman
et al. 2025a. In the rightmost branch of Figure 3.1, we illustrate the general idea behind diffusion
models. Bottom to top: the forward diffusion process can be interpreted as a continuous noise-
adding stochastic process where we corrupt a data sample with Gaussian noise with increasing
variance until the data sample is transformed into a sample from a known Gaussian prior distri-
bution. This stochastic process can be written as a solution to a stochastic differential equation
(SDE):

dx = f(x,t)dt + g(t)dw, (3-8)

where x = (2(0),...,z(T)) is the diffused data (i.e. a 2D PS) at a given time in the diffusion
process, t € [0, T, with z(0) denoting a sample from the data distribution and 2:(7") a sample from
the Gaussian prior. w is a Wiener process (aka Brownian motion). The drift function f(x, t) and
the diffusion coefficient ¢(t) are hyperparameters of our model. In this work, we choose a drift
function and diffusion coefficient that correspond to the commonly-used variance preserving (VP)
SDE, the continuous time-limit of the DDPM in Ho et al. 2020. Top to bottom in the rightmost
branch of Figure 3.1: in order to generate new data samples, we need to reverse the forward
process. This forward process can be reversed with another SDE (Anderson 1982):

dx = [f(x,t) — g(t)*Vxlog P,(x|x)]dt + g(t)dw, (3.9)

where the only unknown is the score function V log P,(x|X) of the probability density function
(PDF) P of the data x (in this case, the 2D PS means) explicitly conditioned on the 2D PS realisation
x in addition to the continuous time index t.

In this work, we use a U-Net autoencoder architecture similar to the one in the diffusion
denoising probabilistic model (DDPM, Ho et al. 2020). U-Nets have been developed for image
segmentation as they are efficient in recognizing local information in images over a range of
scales [Ronneberger et al., 2015]. We use as many samples as possible to train the most accurate
emulator possible, since we find that the performance does change when we vary the number of
training samples. We use 4ok power spectra for training, and 4k for validation. Each PS has 32
redshift bins logarithmically spaced between 5.5 and 29. Once we trained our NN to accurately
predict the score for varying noise levels, we can generate new mean 2D PS samples given one 2D
PS realization by solving this reverse-time SDE. Since our goal is to use the score-based diffusion
model as part of an inference pipeline, we solve the reverse SDE via the probability-flow ODE
method (Song et al. 2020, for more details see Appendix ??). This algorithm modestly sacrifices
accuracy for a significant speed increase, yielding a mean 2D PS estimated from 200 pulls in ~2
s. Our entire code is publicly available®.

3.3.2 LSTM emulator for timeseries

Previous works (e.g. Prelogovic et al. 2022, Dorigo Jones et al. 2024) have found that LSTM
networks perform well on the 21-cm 1D PS and the 21-cm global signal. As such, we use LSTMs
to emulate all of the timeseries summaries i.e. the global 21-cm signal, the spin temperature, the

®https://github.com/21cmfast/21cmEMU
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neutral fraction and the UV LFs. The Thomson scattering optical depth to the CMB is emulated
with a classic fully-connected network as it is an integrated summary statistic. We find that the
LSTM outperforms other architectures such as the fully-connected architecture from 21cmEMUV1
as well as 1D generative score-based diffusion.

Similar to Dorigo Jones et al. 2024, all the LSTM branches have only two layers, as more layers
do not enhance the performance. The database for training this NN has about 39k samples with
about 4k samples each for validation and testing.

3.4 21cmEMUv3 performance

We assess the performance of 21cmEMUv3 by evaluating it on a test set and calculating the
error using the following metrics:

(i) absolute difference (Abs Diff):

AbS Diff = |ytrue - ypred| (3'10)

(ii) fractional error (FE):
Abs Diff

max( | Ytrue ‘ ) yﬁ00r>

FE(%) =

x 100, (3.11)

where the floor is set to ygoor = 1072

3.4.1 Cylindrical 21-cm PS

We assess the performance of 21cmEMUV3 to predict the mean cylindrical 21-cm PS by directly
comparing it against 21-cm cylindrical PS mean estimates. We obtain these mean estimates by
building a small test database of 100 parameters with about 50 realisations each. We then average
over these 50 realisations to produce an estimate of the mean 21-cm PS. We find that the median
(10) error over the entire test set and ten redshift bins is 2.40% (8.5%). We also confirm that
the error on the test set means is smaller than the error when comparing the emulated PS to
individual realisations from the test set.

In Figure 3.2, we show on the first row an average example of the average of 200 generated
samples (right plot), and the corresponding PS realisation (left plot). On the bottom row, we show
the fractional error when comparing the first row with the test set mean.

3.4.2 Other summaries

In Figure 3.3, we plot test set samples (solid line) and emulated samples (dashed line) for 10
examples for each summary. We typically cannot distinguish the two by eye. We summarise the
emulator performance over all summaries in Table 3.2, where the reported statistics are evaluated
over 4k test samples for all summaries except the PS where we only have 100 mean estimates.
Looking at the table, we see that the LSTM performs at sub-percent median accuracy for all
summaries.

3.5 HERA23 inference with MCGs

In this section, we repeat the inference from HERA Collaboration et al. [2023] but with the
new 21cmEMUV3 that features a more complex astrophysical model, including both Pop II and
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Figure 3.2: On the top row, we plot an average cylindrical 21-cm PS realisation from the test
set (left) and the corresponding emulated PS from 21cmEMUvV3 (right). On the bottom row, we
use the fractional error to compare an estimate of the mean obtained from averaging 22 2D PS
realisations with the corresponding 2D PS from the top row.

Summary Median FE (%) 68% CL (%)

AZ 24 8.5
Ty 0.92 2.6
log T's 0.87 2.8
THI 0.06 0.57
Te 0.27 0.55
log ¢ 0.74 6.0

Table 3.2: Performance of the emulator over the test set for all summaries. Note that the test set
for the PS consists of 100 mean PS, while for all other summaries, the test set contains 4k samples.

Parameter  Lazare+24  Lazare+24-like Informed
logyo fur  €[-3.5,—-1] €[-3.5,—1] N(-3,0.6)

Q% mcc S [—0.5, 05} iy acG 1

logyy feio € [-3,0] € [-2,0.5] N(—=1.5,0.6)
Oy ace € [_0-5, 1] S [O, 1] 1

10g10 fesc,? S [_3, O] € [—3, —1] € [—3, —1]
ax € [-1,3] 1 1

Table 3.3: We choose more informed MCG priors on the SHMR and consequently adjust the ACG
priors to ensure continuity around 10% M.
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Figure 3.3: A subset of summary outputs from 21cmEMUv3 for ten random samples from the test
set. Panels show: redshift evolution of the k¥ = 0.1 Mpc ™! 21-cm PS amplitude, redshift evolution
of the mean 21cm brightness temperature, redshift evolution of the mean spin temperature in the
neutral IGM, the CMB optical depth, UV LFs at z = 6, the EoR history (clockwise from upper left).
Colors denote the astrophysical parameter sample with solid (dashed) lines corresponding to out-
puts from 21cmFAST (21cmEMUV3). In the bottom sub-panels, we show the absolute differences
between the predicted and true quantities shown in the top sub-panels. Absolute differences of
the ten random samples are shown with the corresponding colors, while the median absolute
differences (FE in the case of 7.) computed over the entire test set are shown with dashed, black
curves. Dark (light) shaded regions enclose 68‘751 §95%) CL.
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Figure 3.4: Left plot: The posterior on Lx from HERA23 as obtained with 21cmEMUv 1 in Breitman
et al. 2024 is shown in black. In green, we show the posterior obtained with 21cmEMUv3 with a
prior similar to Lazare et al. 2023. In blue, we show the posterior obtained with 21cmEMUvV3with
a prior informed by the Renaissance hydrodynamic simulations. All these posteriors are obtained
with the MultiNest sampler. Right plot: same as the left plot, but with the nautilus sampler
for the blue and green posteriors and UltraNest sampler for the black. These are expected to
be more correct (e.g. see Lange 2023, Albert et al. 2025).

Pop III stars. We compare it to Lazare et al. 2023 who were the first to perform such an inference
with the inclusion of Pop III stars. We also compare the resulting posterior with two different
samplers: MultiNest [Feroz et al., 2009] and nautilus [Lange, 2023]. We also propose a new
prior informed by hydrodynamical simulations [Xu et al., 2016], improving on the flat prior used
in Lazare et al. 2023, and discuss its implications.

In HERA Collaboration et al. [2023], we have a likelihood with four CD/EoR observables:
(i) UV luminosity functions [Bouwens et al., 2015, 2016, Oesch et al., 2018] with a Gaussian
likelihood; (ii) Thomson scattering optical depth to the CMB [Planck Collaboration et al., 2020,
Qin et al., 2020] which uses a Gaussian likelihood around 7, = 0.05691)00s5; (iii) upper limit
Ty < 0.06 £ 0.05 on the EoR history at z = 5.9 obtained with the Lya dark fraction method
[McGreer et al., 2015]. The likelihood function is unity at Ty, (2 = 5.9) < 0.06, decreasing as a
one-sided Gaussian for higher neutral fraction values; (iv) HERA upper limits on 21-cm PS with
a positive and infinite prior on systematics [HERA Collaboration et al., 2023].

We begin by reproducing the result from Lazare et al. 2023 who were the first to perform
an inference on HERA23 upper limits with a model including both Popll and PoplIII stars. The
two main differences between our analysis and theirs are: (i) We do not have the exact same
database and training data priors. As such, we reproduce their result with the closest possible
prior to theirs as shown in the first two columns of Table 3.3; and (ii) we do not use the emcee
[Foreman-Mackey et al., 2013] sampler.

In the left plot of Figure 3.4, we show in grey a rough outline of the posterior on the X-ray
luminosity per SFR parameter obtained by Lazare et al. 2023, which we compare to our result
obtained with MultiNest in green. In the right plot of Figure 3.4, we instead plot in green the
posterior obtained from the nautilus sampler. The posterior obtained with Mult iNest roughly
reproduces the result from Lazare et al. 2023, except at the edge of the posterior, at the highest
luminosities, where MultiNest is known to be inaccurate (e.g. see Breitman et al. 2024). We see,
however, that the posterior obtained with nautilus, which is expected to be more correct than
the one obtained from MultiNest (e.g. see Lange 2023, Albert et al. 2025), is completely flat. This
suggests that when performing an inference in such a high-dimensional parameter space with
a weakly-constraining likelihood, the posterior is heavily dominated by the prior and sampler
choice.
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Figure 3.5: In yellow, we show the SHMR for the Renaissance simulations [Xu et al., 2016] as a
reference. Previous works such as Lazare et al. 2023 had a broad prior favouring higher stellar
masses. We choose a prior informed by the Renaissance simulations that favours lower stellar
masses in comparison to Lazare et al. 2023 as shown in blue.

Since the result is heavily prior-dependent, we are interested in seeing how choosing a more
informative prior would affect the result. We expect that a prior that favours higher stellar masses
would influence the posterior to favour lower X-ray luminosities per unit SFR. We therefore pro-
pose a new prior informed by the Renaissance hydrodynamical simulations [Xu et al., 2016]. In
Figure 3.5, we show in yellow the SHMR from Xu et al. 2016 and in green the flat prior from
Lazare et al. 2023. We can see that the Lazare et al. 2023 favours much higher stellar masses than
those observed in Xu et al. 2016. As such, we propose a prior based on Xu et al. 2016 where lower
stellar masses are favoured as shown in blue in Figure 3.5.

In Figure 3.4, we show the 1D marginal distribution of the X-ray luminosity per unit SFR for
the proposed prior in blue. Indeed, we find that the inference with the prior informed by the
Renaissance simulations which favours lower stellar messes yields an Ly posterior that conse-
quently favours higher X-ray luminosities per unit SFR. The result obtained with the new prior
supports the original claims made in HERA23.

3.6 Conclusion

In this work, we present a score-based diffusion emulator of the cylindrical 21-cm PS and
an LSTM emulator for five other summary statistics. We find that all summaries perform at an
accuracy of order percent or less. We showcase an application of the emulator to reproduce
results from Lazare et al. 2023. We then highlight that this result is not only prior-dependent, but
also sampler dependent. We show this by varying both the sampler and the prior. We find that
choosing a prior informed by the Renaissance hydrodynamical simulations which favour lower
stellar masses produces a posterior on the X-ray luminosity per unit SFR that favours higher
values, in support with the original result published by HERA Collaboration et al. 2022a. We also
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caution that in cases where the likelihood is weakly constraining such as in this case, both the
prior and sampler choice can significantly affect the resulting conclusions.
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Abstract

State-of-the-art simulations of reionisation-era 21-cm signal have limited volumes, generally or-
ders of magnitude smaller than observations. Consequently, the Fourier modes in common be-
tween simulation and observation have limited overlap, especially in cylindrical (2D) k-space
that is natural for 21-cm interferometry. This makes sample variance (i.e. the deviation of the
simulated sample from the population mean due to finite box size) a potential issue when in-
terpreting upcoming 21-cm observations. Here, we introduce 21cmPSDenoiser, a score-based
diffusion model that can be applied to a single, forward-modelled realisation of the 21-cm 2D
power spectrum (PS), predicting the corresponding population mean on-the-fly during Bayesian
inference. Individual samples of 2D Fourier amplitudes of wave modes relevant to current 21-
cm observations can deviate from the mean by over 50% for 300 cMpc simulations, even when
only considering stochasticity due to sampling of Gaussian initial conditions. 21cmPSDenoiser
reduces this deviation by an order of magnitude, outperforming current state-of-the-art sample
variance mitigation techniques like Fixing & Pairing by a factor of few at almost no additional
computational cost (~ 2s per PS). Unlike emulators, 21cmPSDenoiser is not tied to a particular
model or simulator since its input is a (model-agnostic) realisation of the 2D 21-cm PS. Indeed,
we confirm that 21cmPSDenoiser generalises to power spectra produced with a different 21-cm
simulator than those on which it was trained. To quantify the improvement in parameter recov-
ery, we simulate a 21-cm PS detection by the Hydrogen Epoch of Reionization Arrays (HERA)
and run different inference pipelines corresponding to commonly-used approximations. We find
that using 21cmPSDenoiser in the inference pipeline outperforms other approaches, yielding
an unbiased posterior that is 50% narrower in most inferred parameters.
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4.1 Introduction

The cosmic dawn (CD) of the first luminous objects and eventual reionisation of the inter-
galactic medium (IGM) remain among the greatest mysteries in modern cosmology. One of the
most informative probes of the CD and epoch of reionisation (EoR) is the 21-cm line of the hyper-
fine structure of the neutral hydrogen atom. The 21-cm line has unmatched potential, ultimately
able to provide us with a 3D map of more than half of our observable Universe, as expected with
the upcoming Square Kilometre Array (SKA?, e.g. Mellema et al. 2013, Koopmans et al. 2015,
Mesinger 2019).

Precursors to the SKA telescope, such as the the Murchison Widefield Array (MWA3, Tingay
et al. 2013), the Hydrogen Epoch of Reionisation Array (HERA%, e.g. DeBoer et al. 2017), LOw
Frequency ARray (LOFAR?, e.g. van Haarlem et al. 2013), and New Extension in Nancay Upgrad-
ing loFAR (NENUFARS, e.g. Zarka et al. 2012) are instead focused on a first detection of the 21-cm
power spectrum (PS), since as a well-motivated summary statistic of interferometric observa-
tions, it has an enhanced signal-to-noise ratio (S/N) compared to 3D maps. Robustly interpreting
such measurements is only possible with Bayesian inference. The current approach to Bayesian
inference of 21-cm power spectra, however, relies on several approximations, whose validity is
poorly understood’.

Typically, one samples astrophysical and cosmological parameters 0 from priors p(6), forward-
models the 3D non-Gaussian 21-cm signal with a simulator, compresses the simulated signal into
a summary statistic (e.g. the spherically-averaged 1D PS), and compares the forward model to
the observed summary, which in the case of the 1D PS is a function of redshift z and Fourier scale
k: A3 (K, 2). Comparison of the forward model to observations is quantified by a likelihood
that is approximated to be a Gaussian at each scale and redshift bin:

hlL(A%l, 0bS|§) x _[Agl, obs :U’(é)]TE_l(é) [Agl,obs - :U’(H)] ) (41)

where pu(k, z|0) and X (k, z|0) are the expectation values and the covariance matrix of the 21-cm
PS, averaged not just over modes in given (k, z) bins of a single simulation, but also averaged
over many different realisations, ¢, of the initial conditions (and any other important source of
scatter): e.g. u(k,z|0) = (A3 (K, z|0));. However, for computational reasons, sample vari-

ance of the initial conditions is ignored i.e. ;1(¢) is generally computed from a single realisation,
pu(k, z|0) ~ A3 ;(k,z|6), while the covariance is assumed to be diagonal at some fiducial pa-

rameter set, $(0) ~ 02(fgq) (for an in-depth analysis of the accuracy of these approximations,
see Prelogovi¢ and Mesinger 2023). The above-mentioned steps are then repeated many times in
order to map out the parameter posterior via Bayes’ theorem.

One problem with this approach is that the volume of the forward model does not correspond
to that probed by observations. Due to computational restrictions, simulations which resolve
relevant scales have much smaller volumes than observed 21-cm fields. For example, the HERA
interferometer observes a volume of over 4 cGpc®, over 100 times larger than typical forward
model volumes. This essentially means that we cannot compare like to like when interpreting
observations with theory, resulting in two limitations:

https://www.skao.int/en

3https://www.mwatelescope.org/

‘https://reionization.org/

Shttp://www.lofar.org/

®https://nenufar.obs-nancay.fr/en/homepage-en/

7It is worth noting that these approximations persist in a frequentist framework and have the same detrimental
effects as in a Bayesian context, but are more difficult to interpret.


https://www.skao.int/en
https://www.mwatelescope.org/
https://reionization.org/
http://www.lofar.org/
https://nenufar.obs-nancay.fr/en/homepage-en/
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(i) sample variance — forward models may not have enough independent modes to obtain an

accurate estimate of the mean 21-cm PS, y(6), on large scales (i.e. small k).

(ii) different PS footprint — forward models and observations could probe very different wave
modes in cylindrical (2D) Fourier space (e.g. Pober 2015).

Issue (i) can be problematic since initial 21-cm PS detections will likely be limited to a handful
of large-scale wave modes; therefore, an "unlucky" realisation of the forward model could result
in large biases (e.g. Zhao et al. 2022b; see the detailed analysis in Prelogovi¢ and Mesinger 2023).
Naively, sample variance can be mitigated by taking an ensemble average over many forward
models while varying the initial conditions (ICs; e.g. Giri et al. 2023, Acharya et al. 2024), or per-
forming an initial exploration to pick a set of ICs which result in forward model that are close to
the mean at some fiducial parameter set 054 (e.g. Prelogovi¢ and Mesinger 2023). Both of these ap-
proaches, however, could require hundreds of additional simulations. The number of simulations
required to accurately estimate the power spectrum mean can be reduced by choosing correlated
ICs (see Racz et al. 2023 for an overview). For example, fixing and pairing (F&P; e.g., Angulo and
Pontzen 2016, Pontzen et al. 2016, Giri et al. 2023, Acharya et al. 2024) requires only one additional
evaluation of the forward model. Nevertheless, this is non-negligible computational overhead,
considering that typical inferences require over 200k evaluations of the likelihood (e.g., HERA
Collaboration et al. 2022a). Moreover, the residual uncertainty on the 1D PS mean can still be of
order tens of percent even when using paired 21-cm simulations (e.g., Giri et al. 2023, Acharya
et al. 2024).

Issue (ii) can be problematic since observation and theory cannot be compared in the same
region of 2D Fourier space (i.e. k| , k||; see Figure 4.2). This might not seem like an issue, since the
21-cm likelihood has always been evaluated using the spherically-averaged (1D) PS, comparing

theory to the observation at the same magnitude k = , /k? + /{;ﬁ However, because the (k, k)

modes contributing to a given k-bin are generally very different for the model and the observation
(see Figure 4.2), such a comparison would only be unbiased if the signal were isotropic. Indeed,
the cosmic 21-cm PS is not isotropic due to redshift-space distortions (RSDs) (e.g. Bharadwaj
and Ali 2004, Barkana and Loeb 2006, Mao et al. 2012, Jensen et al. 2013, Pober 2015, Ross et al.
2021), as well as the redshift evolution of the signal along the line of sight direction (e.g. Mao
et al. 2012, Datta et al. 2014, Greig and Mesinger 2018). RSDs can boost the 21-cm PS in k-modes
relevant to observations by up to a factor of ~5 in comparison to the spherically-averaged 21-
cm PS at moderate to high neutral fractions (e.g., see Figure 7 in Jensen et al. 2013). Moreover,
ignoring redshift evolution in the 21-cm lightcone could bias inferred constraints by ~ few — 100
(e.g. Greig and Mesinger 2018). Therefore averaging the observation and the forward model over
different (k. , k) bins in order to compare them at the same k£ magnitude might result in sizeable
biases.

In this work, we introduce 21cmPSDenoiser®: a model-independent machine-learning-based
tool for sample variance mitigation that provides an estimate of the IC-averaged mean 2D 21-cm
power spectrum given a single realisation. We propose an improved inference pipeline where we
mitigate sample variance (issue (i)) by applying 21cmPSDenoiser on the simulated 2D PS on-
the-fly. Unlike emulators, 21cmPSDenoiser is not tied to a particular model or simulator since
its input is a (model-agnostic) realisation of the 2D 21-cm PS. To mitigate issue (ii), our pipeline
applies a cut in cylindrical k-space, averaging only over the modes closest to the ones available
in the observation after removing the region dominated by foregrounds and systematics (e.g.
Pober 2015). Cutting out the foreground- and systematic-dominated "wedge" from the forward-

8https ://github.com/DanielaBreitman/21cmPSDenoiser
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Figure 4.1: Flowchart comparing the current state-of-the-art inference pipeline (left side) with
this work (right side). In current state-of-the-art pipelines, we use a single realisation of the
initial conditions to estimate the mean 1D 21-cm PS. Moreover, the simulated 1D PS is computed
by spherically averaging over different wave modes than those used to compute the observed 1D
PS. In this work, we account for sample variance by applying 21cmPSDenoiser a score-based
diffusion model trained to estimate the mean 21-cm PS from a single realisation. We also account
for 21-cm PS anisotropy by averaging the 2D PS only over modes above iy, = 0.97, the region
of 2D PS that is closest to where current 21-cm PS instruments observe. Applying a cut in iy,
significantly exacerbates the problem of sample variance, and would not be practical without the
use of 21cmPSDenoiser.

modelled 2D PS significantly exacerbates sample variance since it reduces the number of Fourier
modes available when spherically averaging. Indeed, although simulation box sizes larger than
2300 cMpc were found to have negligible sample variance in the spherically-averaged PS (e.g.,
Iliev et al. 2006, Kaur et al. 2020), here we show that is no longer the case after first applying a
"wedge" cut in 2D k-space.

This paper is organised as follows. We begin by reviewing the traditional inference pipeline
in Section 4.2. Then in Section 4.3, we introduce 21cmPSDenoiser, demonstrating and testing
its performance. In Section 4.4, we compare 21cmPSDenoiser to Fixing & Pairing, a state-
of-the-art sample variance mitigation method. In Section 4.5, we test 21cmPSDenoiser on
"out-of-distribution” (OOD) data, using power spectra from a different simulator than that used
for training. In Section 4.6, we apply 21cmPSDenoiser in a realistic inference and compare
it to the traditional pipeline. We conclude with Section 4.7, where we summarise the main
achievements of this paper. Throughout this work, we assume a flat ACDM cosmology with
(Qa, L, O, by 08, n5) = (0.69,0.31,0.049, 0.68,0.82,0.97) consistent with Planck Collabora-
tion et al. 2020. All distances are in comoving units unless explicitly stated otherwise.

4.2 Explicit likelihood inference from 21-cm power spectra

In this section, we describe current, state-of-the-art Bayesian inference pipelines (see left side
of Figure 4.1), analogous to those applied to first generation 21-cm interferometers (e.g., HERA
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Collaboration et al. 2023, Munshi et al. 2024, Mertens et al. 2025, Nunhokee et al. 2025). We then
introduce the changes proposed in this work (right side of Figure 4.1).

4.2.1 Forward modelling the 21-cm signal

A single forward model of the cosmic 21-cm signal consists of the following steps:

1. Sample astrophysical and cosmological parameters. For a given set of cosmological pa-
rameters, generate initial conditions (e.g. a Gaussian random field sampled from a power
spectrum) creating a realisation of the linear matter density and velocity fields.

2. Evolve densities and velocities to lower redshifts (e.g. via second-order Lagrangian pertur-
bation theory; 2LPT Scoccimarro 1998).

3. Assign galaxy properties to the dark matter halos according to the sampled astrophysical
parameters (e.g. via semi-empirical relations; Park et al. 2019).

4. Compute corresponding inhomogeneous radiation fields and their role in heating and ion-
ising the IGM.

5. Calculate the corresponding 21-cm brightness temperature at each cell and redshift, (x, 2)
(e.g, Madau et al. 1997, Furlanetto 2006, Pritchard and Loeb 2012):

Ty — T,
Ty(x, 2) = %(1 —e™) (4.2)
QR [ 0.15 1+ 2\ ?
~ 2 1 K
7om(l+6) (0.023) (th2 10 ) o

() la )

where 79; is the 21-cm optical depth of the intervening gas, and 75 and 7y are the spin
and background temperatures, respectively®. zyy is the fraction of neutral hydrogen, §, =
p/p — 1 is the baryon overdensity, 0,v, is the baryon peculiar velocity gradient along the
line of sight, H(z) is the Hubble parameter at redshift z, and €, and €, are the mass
densities of cold dark matter (CDM) and baryons, respectively.

6. Compute a summary statistic from the 21-cm brightness temperature light cone, in order
to compare it to the same summary of the observation. Currently all*® analyses use the
spherically-averaged 1D 21-cm PS as a summary:

(Tolh, 25 (K, 2)) = (2m)0p (k= K)o A3 (.2 43

9Motivated by observations of local, radio-loud galaxies (e.g. Furlanetto et al. 2006) as well as the global 21-cm
signal (e.g. Cang et al. 2024, Singh et al. 2022), we assume that the radio background is determined by the cosmic
microwave background (CMB), therefore Tx = Tcums-

*While there have been studies using the 21-cm 2D PS (e.g. Greig et al. 2024) and many other summaries (for
example the bispectrum e.g., Mondal et al. 2021, Watkinson et al. 2022, Tiwari et al. 2022, wavelet-based methods e.g.,
Greig et al. 2022, Zhao et al. 2024), and "optimal" learned summaries e.g. Prelogovi¢ and Mesinger 2024, Schosser et al.
2025), none of them have yet been applied to real observational data. Using higher-dimensional summaries would
decrease the S/N available for instruments seeking a preliminary detection, as well as making it more important to
account for covariances/non-Gaussianity in the likelihood.
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where T} (K, ) is the conjugate of the Fourier transform of the 21-cm brightness tempera-
ture at redshift z and wave mode ¥'[Mpc™'] = \/kZ + k2 + k2 = , /k? + kﬁ for a spherical

average and cylindrical average at sky-plane mode &, and line-of-sight mode &, respec-
tively. §p is the Dirac delta function, and A2, (k, z) in mK? is the dimensionless 21-cm PS
per logarithmic wave mode interval.

Once the forward model is compressed into a summary statistic such as the 21-cm power spec-
trum, it is compared to the observation by evaluating the likelihood.

4.2.2 Evaluating the likelihood on the 21-cm PS

For complex physical models such as the 21-cm signal, the likelihood function is analytically
intractable. As such, all current inferences assume a Gaussian functional form'" as defined in Eq.
4.1. Assuming a diagonal variance and approximating the mean 21-cm PS with a single realisation
A%u can produce a large bias in the resulting posterior for high S/N data (e.g., over 50 as seen
from Figure 5 in Prelogovi¢ and Mesinger 2023 ).

Another common approximation of the traditional analysis is that the 1D PS is computed by
averaging the amplitudes of all wave modes in a given k-bin. However, as shown in Figure 4.2,
the footprint of 21-cm interferometers in cylindrical (2D) k-space can be very different from the
corresponding footprint of the forward model.

The cylindrical k-space available to interferometers is limited by a combination of foregrounds,
instrument layout, and dish size. The distribution of baselines limits the accessible angular scales.
Foregrounds dominate in the regime of low k|, since they are spectrally smooth. The chromatic
instrument response, however, causes the foregrounds to leak out into a ‘wedge’-like region in
2D k-space (e.g. [Parsons et al., 2012, Liu et al., 2014a,b]). As a result, "clean" EoR measurements
are performed outside (or near the boundary) of the wedge (c.f. blue shaded region in Figure
4.2). The cylindrical k-space available to forward models is limited by the need to resolve rele-
vant sources and sinks and the corresponding physical processes. This means that cell sizes of
physics-rich simulations cannot be much larger than ~ 1 Mpc. On the other hand, needing to
compute thousands of forward-models in a reasonable time limits the box sizes to ~ few X 100
Mpc. Therefore, forward models typically span wave modes of 1 < k/Mpc ™' < few x o.01.

This discrepancy between the k-space footprint of observations and simulations is problem-
atic because the 21-cm PS is anisotropic due to RSDs and the light cone evolution along the line-
of-sight axis. This issue can be avoided by cropping the forward-modelled 2D PS to the k-space
region closest to that of the observation (e.g. the region above the red line in Figure 4.2). However,
cropping out modes exacerbates the sample variance problem at large scales as it significantly
reduces the number of modes available to perform the averaging.

In this work, we introduce 21cmPSDenoiser (right branch of Figure 4.1) to mitigate sample
variance: after a forward model is computed, the resulting 2D PS realisation is passed through
our neural network that produces an accurate estimate of the mean 21-cm PS. Mitigating sample
variance with 21cmPSDenoiser allows us to also take into account the 21-cm PS anisotropy: we
introduce a cut in cylindrical PS space where we exclude all Fourier modes below fi,;, = 0.97,

marked by a red line in Figure 4.2, where pi,;, = cosf, and tanf = % Introducing this cut

"'Simulation-based inference (SBI) can be used to avoid having to define an explicit functional form for the likeli-
hood. However, a Gaussian likelihood for the 1D PS is a decent approximation for preliminary, low S/N data obtained
by averaging over many modes and upper limits (e.g., Prelogovi¢ and Mesinger 2023, Meriot et al. 2024) such as the
data currently available. SBI will be more relevant for high S/N power spectra, as well as for more complicated
summaries.
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Figure 4.2: Cylindrically-averaged (2D) 21-cm power spectrum as a function of line-of-sight
modes k| and sky-plane modes k. The color map shows the PS amplitude calculated from a
slice through a single simulated light cone centred at z = 9. The simulation box has a side length
of 300 cMpc and was generated with 21cmFASTv3. The blue hashed area is the HERA EoR win-
dow. The dashed cyan line is the horizon limit and the black solid line is the horizon limit with
a 300 ns buffer added to it to account for additional foreground leakage (see HERA Collabora-
tion et al. 2023). The red solid line is drawn at a value of fi,;, = 0.97 where pi,,;, = cos#, and
tanf = % In this paper, we use the red line as a rough approximation for the solid black line.
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significantly reduces the bias due to PS anisotropy (e.g. Pober 2015). Restricting the k-space
footprint comes at the cost of further increasing sample variance and thus further increases the
benefits of using 21cmPSDenoiser.

4.3 Mitigating sample variance with score-based diffusion

In this section, we first introduce the training database and the neural network architecture of
21cmPSDenoiser. We then evaluate the neural network on a separate database of test samples
and comment on its performance.

4.3.1 Simulated Dataset

We build a training database with over one hundred light cone realisations (i.e. IC samples) for
each set of astrophysical parameters. We simulate a light cone with 21cmFASTv3'? [Mesinger and
Furlanetto, 2007, Mesinger et al., 2011, Murray et al., 2020] and use “The Ultimate Eor Simulation
Data AnalYser” (tuesday)'s, a wrapper around powerbox'4[Murray, 2018], to calculate the 2D
PS. Our simulation boxes are 300 cMpc on a side, with a cell size of 1.5 cMpc. This is characteristic
of the cosmological simulations used to interpret 21-cm observations (e.g. Mufoz et al. 2022,
Nunhokee et al. 2025, Ghara et al. 2025).

We vary five astrophysical parameters O,stro = (fesc,105 f,105 Miumns Lx <2xev /SFR, Ey), in-
troduced in Park et al. 2019:

¢ fesc0: the amplitude of the power-law describing the ionising escape fraction fes.(M;) €
[0, 1] to halo mass relation fes.(Mp) = fesc10(Mn/Mig)*=, where My = 10'° M, and the

index aes. = 0.5 is fixed (e.g., Paardekooper et al. 2015, Kimm et al. 2017, Lewis et al. 2020);

* fe10: the amplitude of the stellar-to-halo mass relation (SHMR) normalised at /(. Simi-
larly to the ionising escape fraction, the faint-end SHMR is described by a power-law whose
index we fix to a, = 0.5 (e.g. Mirocha et al. 2017, Munshi et al. 2017, 2021);

o My [Mg]: the characteristic halo mass scale below which the abundance of galaxies be-
comes exponentially suppressed to account for inefficient star formation in low-mass halos
(e.g., Hui and Gnedin 1997, Springel and Hernquist 2003, Okamoto et al. 2008, Sobacchi and
Mesinger 2013, Xu et al. 2016, Ocvirk et al. 2020, Ma et al. 2020);

. logy, LXS;;]L‘QV [I\er);:l } : the X-ray luminosity escaping the galaxies is modelled as a power-

law in energy, which we normalise with the soft-band (i.e. < 2 keV) X-ray luminosity per
unit star formation rate (SFR). We fix the power law index of the X-ray SED to ax = 1.0
(e.g. Fragos et al. 2013, Pacucci et al. 2014, Das et al. 2017 );

+ Ep[eV]: minimum energy of X-ray photons capable of escaping their host galaxy;

Well-established observations already provide some constraints for fe., f«, and M;,,,. To build
our training set, we sample these three parameters from a posterior informed by UV luminosity
functions from Hubble [Bouwens et al., 2015, 2016, Oesch et al., 2018], the Thomson scattering
CMB optical depth from Planck [Planck Collaboration et al., 2020, Qin et al., 2020], and the Ly-
man forest dark fraction [McGreer et al., 2015]. The resulting posterior is shown in green in

“https://github.com/21cmfast/21cmFAST/
Bhttps://github.com/21cmfast/tuesday
“https://github.com/steven-murray/powerbox
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Figure 4.3: An illustration of the forward and backward diffusion processes used in
21cmPSDenoiser. The forward process adds noise to a mean 21-cm 2D PS sampled from the
data distribution (leftmost panel), transforming it into a pre-defined Gaussian prior distribution
(rightmost panel). We can then write the reverse process that allows us to sample the Gaussian
prior and generate a mean 2D PS, conditioned on the input realisation of the 2D PS.

Figure 8 of Breitman et al. 2024). For the remaining two parameters we sample a flat prior over
logyg Lx <2xev/SFR € [38,42] and E, € [200, 1500] (e.g. Furlanetto 2006, HERA Collaboration
et al. 2023).

The database used for training and validation consists of roughly 9oo parameter combinations
with an average of roughly 100 realisations per parameter set. This amounts to ~gok total light
cones. For each light cone realisation, we calculate the 2D PS on cubic chunks over 4o redshift
bins z € [5.5,35]. We re-bin the 2D PS to be linearly-spaced in log scale in both sky-plane and
line-of-sight modes. To minimise the number of empty bins while keeping the 2D PS dimensions
in powers of two that are more convenient for the NN, we choose 32 & bins and 16 k| bins. Due
to the re-binning of k, into log-spaced bins, we end up with three empty bins: the second, fourth
and fifth. We fill the power in those bins by interpolating with SciPy [Virtanen et al., 2020]
which can produce artefacts in individual realisations (e.g. see horizontal bright yellow stripes in
the top left plot of Figure 4.4). These artefacts, however, do not affect the mean 21-cm PS as they
are just another effect of sample variance and get averaged out. Since the NN is redshift-agnostic,
the final database consists of about 3.6M 2D PS. This database is then split into 90% training set
with 10% left for the validation. The test set is made separately from the training and validation
sets and is described in Section 4.3.3.

We pre-process the data by applying min-max normalisation on the log of the 21-cm PS and
then rescaling it to [—1, 1]:

log,g A%l — min(log,, A%1)

log A2 =2 - '
( OglO 21,)norm X max(loglo A%l) —_ min(loglo A%l) (4 4)

The minimum and maximum are each a scalar obtained over the entire training and validation
databases.

4.3.2 Denoiser architecture and training

We interpret sample variance as a form of non-uniform, (mildly) non-Gaussian (e.g. Mon-
dal et al. 2015, Shaw et al. 2019) "noise" added to the target mean power spectrum. Obtaining
the mean cylindrical PS from a single ("noisy") realisation is thus akin to denoising a 2D image.
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This is a common task in image processing, for which machine learning is known to outperform
traditional methods (e.g. Kawar et al. 2022) such as Gaussian filter smoothing or principal com-
ponent analysis (PCA). The idea is to train a neural network (NN) to find a smooth function that
interpolates through fluctuating data points, with minimal loss of intrinsic scatter. In our usage
case, the small scales with negligible sample variance (c.f. top right corner of Figure 2) can serve
as anchor to the NN prediction of the mean for the noisy larger scales (c.f. bottom left corner of
Figure 2).

Here, we adopt a state-of-the-art NN architecture for image generation that has also been
shown to excel at image denoising (e.g. Kawar et al. 2022): a score-based diffusion generative
model (e.g. Sohl-Dickstein et al. 2015, Song and Ermon 2019, Song and Ermon 2020, Song and
Ermon 2019, Ho et al. 2020, Song et al. 2020). In Figure 4.3, we illustrate the general idea behind
diffusion models:

« Left to right: the forward diffusion process can be interpreted as a continuous noise-adding
stochastic process where we corrupt a mean 21-cm PS from the training set with Gaussian
noise with increasing variance according to a chosen variance schedule until it is trans-
formed into a sample from a standard normal prior distribution. This stochastic process
can be written as a solution to a stochastic differential equation (SDE):

dx = f(x,t)dt + g(t)dw, (4.5)

where x = (2(0), ..., z(T)) is the diffused data (i.e. a 2D PS) at a given time in the diffusion
process, t € [0,7], with z(0) denoting a sample from the data distribution of mean 2D
PS and z(7T') a sample from the Gaussian prior. w is a Wiener process (aka Brownian
motion). The drift function f(x,¢) and the diffusion coefficient ¢(t) are hyperparameters
of our model. We choose the most standard drift function and diffusion coefficient leading
to the variance preserving (VP) SDE [Song et al., 2020], which is the continuous-time limit
of the variance schedule in the Denoising Diffusion Probabilistic Model (DDPM, Ho et al.
2020).

« Right to left: in order to generate new data samples from Gaussian prior samples, we need
to reverse the forward process, which can be done by solving the following SDE (Anderson
1982):

dx = [f(x,t) — g(t)*Vxlog P,(x|x;)] dt + g(t)dw, (4.6)

where the only unknown is the score function Vy log P;(x|x;) of the probability density
function (PDF) P of the data x (in this case, the 2D PS means) explicitly conditioned on
a 2D PS realisation x; in addition to the continuous diffusion time index t. At ¢ = 0, the
entire procedure boils down to mapping any input 2D PS realisation to its corresponding
mean 2D PS.

In order to solve the reverse SDE written above and generate a mean 2D PS from a given
2D PS realisation, we train a neural network to learn the score function. Here, we use a U-Net
autoencoder architecture's similar to Ho et al. 2020 implemented with PyTorch (e.g. Paszke et al.
2019. U-Nets have been developed for image segmentation as they are efficient in recognising
local information in images over a range of scales [Ronneberger et al., 2015]. We train the NN
with the continuous-time generalisation of the standard DDPM loss function (see Eq. 7 in Song
et al. 2020) with the Adam optimiser [Kingma and Ba, 2017].

>The model architecture is based on the PyTorch implementation available here: https://github.com/
lucidrains/denoising-diffusion-pytorch that is in turn based on the original implementation from Ho
et al. 2020 here: https://github.com/hojonathanho/diffusion
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During training, the NN learns to accurately predict the score for various levels of noise. It
is precisely due to this training method that score-based diffusion models, and diffusion models
in general, perform very well on tasks such as image denoising: the denoising task itself is part
of the training process. Once the NN is trained to accurately predict the score for varying noise
levels indexed by ¢, we can generate new mean 2D PS samples given one 2D PS realisation by
solving this reverse-time SDE. Since our goal is to use the score-based diffusion model as part of
an inference pipeline, we solve the reverse SDE via the probability-flow ODE method [Song et al.,
2020]. This algorithm modestly sacrifices accuracy for a significant speed increase. In order to
average over the network error, our final estimate of the mean 2D PS corresponds to the median
obtained over 200 samples (i.e. draws from the prior) from 21cmPSDenoiser for a given input.
For these choices, we obtain a mean 2D PS estimate from a single realisation in ~6s on a Vioo
GPU, which reduces to ~ 2s when taking advantage of GPU vectorization by denoising multiple
realisations at once.

4.3.3 Performance on the test set

The test set is composed of 50 parameter combinations distinct from the parameters in the
training and validation sets with about 200 realisations per parameter and 4o redshift bins for a
total of 400k 2D PS. Since the test set is significantly smaller than the training set, we can afford
to have a larger number of realisations for each parameter, allowing a more accurate estimate of
the true, target mean PS. We assess the performance of 21cmPSDenoiser using the fractional
error (FE) evaluated on a random 40k batch of the test set:

A2 — A2
FE (7 _ 21,test 21,1 % 100 ’ )
) = s (0.01, A%, ) 47)

where A%Ltest is the target mean power spectrum, obtained by averaging over 200 realisations
per parameter combination, and A%L ., 1s a mean 2D PS estimate e.g. from 21cmPSDenoiser.
Note that to avoid the fractional error exploding at small power, we floor the denominator to 0.01
mK?, which is an order of magnitude smaller than the accuracy of the 21cmFAST simulator itself
(e.g., Mesinger et al. 2011, Zahn et al. 2011). We calculate the FE for each realisation from each
parameter combination and redshift.

In Figure 4.4, we illustrate the impact of sample variance using a single PS realisation (left
column) and after applying 21cmPSDenoiser (right column). This realisation was chosen from
the 0,0 parameter vector in the test set. This parameter combination is consistent with the
most recent constraints from observations such as the Lyman-« forest (e.g.Qin et al. 2025 and
UV luminosity functions [Bouwens et al., 2015, 2016, Oesch et al., 2018]; see Section 4.6.1 for
more details. The top row shows the cylindrical PS realisation at z ~ 6.1 and the resulting mean
estimate obtained from 21cmPSDenoiser using the realisation shown on the left. In the middle
row, we compare them to the test set mean PS via the fractional error where A3, u = A3y on
the right and A%l, u = A%Li on the left. The plotted PS realisation has a median fractional error
very close to that of the entire test set for 21cmPSDenoiser (see top half of Table 4.1) and can
therefore be considered representative. We see that the fractional sample variance error on large
scales can be reduced by over an order of magnitude by calling 21cmPSDenoiser.

To put these errors into better perspective, the bottom row shows the square root of the
squared deviation from the test set mean normalised by realistic HERA sensitivities (see Section
4.6 for more details). The left plot on the bottom row shows that the deviation from the mean due
to sample variance is comparable to or larger than HERA sensitivity at large scales k ~ 0.1 Mpc™*
and remains significant (~ 10%) up to much smaller scales & ~ 0.5 Mpc ™. The right plot shows
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Figure 4.4: Top row: PS sample on the left and NN mean estimate from this same PS sample as
input on the right. Middle row: fractional error with respect to the mean PS obtained from an
ensemble average of about 200 PS realisations for the sample (left) and 21cmPSDenoiser (right).
Bottom row: error as a fraction of the HERA noise level at the same redshift for the sample (left)
and for the 21cmPSDenoiser (right).
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Figure 4.5: Median fractional error on ~ 2.5k test samples at redshift z ~ 11.4. The left plot
evaluates the FE directly on the PS realisations, while the right plot evaluates it on the output
from 21cmPSDenoiser. The striped pattern in the right plot occurs due to the binning scheme,
where certain bins have more samples (and thus less sample variance) than others.

that applying 21cmPSDenoiser reduces sample variance enough that the residual deviation from
the mean is very small (< 1%) in comparison to the instrument sensitivity.

In Figure 4.5, we show the median of the FE computed from ~ 2.5k test samples at redshift
z ~ 11.4. In the left plot, we evaluate the FE over the PS realisations while in the right plot we
evaluate it over the 21cmPSDenoiser mean estimate. We can see that when taking the median
over ~ 2.5k test samples, individual bins can deviate from the mean by over 30% on large scales
and that 21cmPSDenoiser reduces this deviation down to ~ 3%. Individual bins from single PS
realisations as shown in Figure 4.4, on the other hand, can deviate from the mean by over 50%
on large scales, which gets reduced down to ~ 5% by 21cmPSDenoiser. The striped pattern in
the right plot occurs due to the binning scheme, where certain bins have more samples (and thus
less sample variance) than others.

4.4 Comparing 21cmPSDenoiser to Fixing & Pairing

In this section we compare our results against fixing and pairing (F&P; e.g. Angulo and
Pontzen 2016, Pontzen et al. 2016, Acharya et al. 2024), the benchmark technique for mitigat-
ing sample variance. F&P involves pairing a simulation to a given fixed simulation by reversing
the sign of the initial matter overdensity field , 0 = p/p — 1, such that dpaired(k) = —daixea(k),
for every wave mode k. Each mode whose amplitude is above the mean initial matter PS in one
simulation has a counterpart whose amplitude is equally below the mean in the other simula-
tion. Averaging F&P simulations by construction would yield the mean initial matter PS for the
chosen cosmology, but it has also been shown to give a good estimate of the mean PS of evolved
fields, including galaxy and line intensity maps (e.g. Angulo and Pontzen 2016, Pontzen et al.
2016, Villaescusa-Navarro et al. 2018).

Nevertheless, F&P has two main shortcomings: (i) it is still computationally expensive, as it
doubles the cost of the inference; and (ii) due to non-linear evolution of the 21-cm signal, fixing
and pairing becomes less effective with decreasing redshift, which is where current instruments
are most sensitive [Acharya et al., 2024].

We build a database of 20 F&P pairs for each of the 50 parameter combinations in the test
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fomin = 0 Sample F&P NN
Median FE (%) 7.0 4.9 2.0
Median AE (mK?) 0.3 02 0.1
FE 68 % CL (%) 26.8 21.4 8.2
AE 68 % CL (mK?) 9.9 7.1 2.8
fhmin = 0.97 Sample F&P NN
Median FE (%) 12.1 9.0 2.2
Median AE (mK?) o.9 0.6 0.2

FE 68 % CL (%) 30.9 250 7.8
AE 68 % CL (mK?) 26.2 19.4 4.6

Table 4.1: Median and 68 % CL on the fractional error and absolute error of a ~40k random batch
from the test set over 4o redshift bins € [5.3, 33]. The first column compares the mean PS directly
to the PS realisation. The second and third columns compare the fixing and pairing method and
21cmPSDenoiser respectively. The top half of the table (14, = 0) compares all cylindrical PS
k-modes, while the bottom half does so only over the ji,,;, = 0.97 region.

Figure 4.6: PDFs of the fractional error as a function of redshift for fixing and pairing (purple / left
violins) and 21cmPSDenoiser (black / right violins) computed on PS modes above fip,;, > 0.97
(see red line in Figure 4.2). The distributions were generated using the 50 parameter samples
comprising our test set.
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set. In Figure 4.6, we compare the fractional error for the fixing and pairing method (purple / left
violins) with 21cmPSDenoiser (black / right violins). We perform this comparison on power
spectra with mean power greater than 0.01 mK? for ~ 17k samples cropped at fi,i, = 0.97. We
can see that 21cmPSDenoiser has median fractional error that is about 5% lower than fixing and
pairing across most redshifts*’.

We summarise the results in Table 4.1, where we show the median and 68 % confidence limits
(CLs) of the FE and absolute error (AE) of: (i) individual samples; (ii) the mean estimated from
fixing and pairing; and (iii) the mean estimated from 21cmPSDenoiser. The top half of the table
shows the FE and AE evaluated over all cylindrical modes, while the bottom half does so over the
region above [t = 0.97. We see that 21cmPSDenoiser results in a FE that is a factor of ~ 2.5
(~ 4) smaller than F&P over all k-space (ftmin = 0.97 region). Additionally, unlike F&P, using
21cmPSDenoiser in inference comes at essentially no additional computational cost.

We note that there are cases where 21cmPSDenoiser can produce an output that is farther
away from the mean PS than even the noisy sample it was given as input. However, such cases
are rare, as demonstrated in this section. In general, the denoiser is more likely to fail when the
input is uninformative, as may happen when the neutral fraction is very low and the 21-cm PS
has little power. As such, we generally recommend applying 21cmPSDenoiser on signal with
neutral fraction > 0.05 or with mean power > 10~ mK? in the input realisation.

4.5 Application to other simulators

As motivated in the introduction, one benefit of our approach is that, unlike emulation, it is
model- and simulator-agnostic. 21cmPSDenoiser can in principle operate on any 2D PS, regard-
less of what model or simulator was used to make it. In this section, we test 21cmPSDenoiser
on hydrodynamic radiative transfer (RT) simulations from Acharya et al. 2024. Similar to THESAN
(e.g., Garaldi et al. 2022, Kannan et al. 2022), these simulations implement moving mesh hydrody-
namics with AREPO (e.g., Springel 2010, Weinberger et al. 2020), and radiative transfer of ionising
photons with AREPO-RT (e.g., Kannan et al. 2019). Furthermore, as they lack Lyman band and X-
ray radiative transfer, these simulations make the simplifying assumption of a homogeneously-
saturated spin temperature: T's > Tj in Eq. 4.2. These hydro RT simulations are therefore very
different from those used in training 21cmPSDenoiser, both in terms of the source model as
well as the simulator.

From Acharya et al. 2024, we have a total of 40 simulations varying ICs for one parameter set,
where five of these also have an additional paired simulation. We post-process the coeval cubes
from these simulations into light cones using tools21cm'7 (Giri et al. 2020). These resulting light
cones have a resolution of 0.373 cMpc and a box size of 95.5 cMpc. 21cmPSDenoiser, however,
is not capable of generalising to a different k-space footprint or resolution. As such, we calculate
the 2D PS from these light cones with the goal to match the 2D PS from the training database
as closely as possible. This involves taking these light cones and first downsampling them by
a factor of four so that they have roughly the same resolution as the 21cmFAST simulations in
the training set. Next, we calculate the 2D PS on the same k-space binning as the training set.
However, since these boxes are about three times smaller, this leaves many large-scale mode bins
empty. We pad these large-scale bins by copying over the power from the closest non-empty bin
at smaller scales. This padded 2D PS is then passed to 21cmPSDenoiser*.

The increase in FE at redshift ~ 20 is due to small values of the 21-cm signal following the dark ages and
preceding Lyman-a coupling.

"https://github.com/sambit-giri/tools21cm

8The scripts used to make these power spectra use the publicly available tuesday package and can be
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Figure 4.7: 21-cm PS realisations from a hydro RT simulation (left column) and the corre-
sponding mean estimate (right column) obtained after passing the realisation on the left to

21cmPSDenoiser (which was only trained on 21cmFAST). Each row corresponds to different
initial conditions and redshift.
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In Figure 4.7, we show the de-noised PS on the right, corresponding to the single hydro RT
realisation input shown on the left. Each row corresponds to a different realisation. Note that
in all plots, we crop the k-space footprint to only include the non-empty bins (i.e. we do not
consider the padded bins as we have no larger hydro RT simulations against which to compare
them). We note that with only 35 realisations and 5 F&P pairs, the estimate of the true target
mean is not as accurate as it is for the test set, where we have ~ 200 realisations per parameter.
As a consequence, the performance of the NN reported in this section is not as accurate as in
previous sections.

We see from Figure 4.7 that 21cmPSDenoiser is flexible enough to mitigate sample variance
on 21-cm power spectra from different astrophysical models and different simulators. We confirm
this by looking at Figure 4.8, where we plot the FE of the samples shown in Figure 4.7. The mean
PS above fiin = 0.97 is recovered to an median accuracy of about ~ 4% over all redshifts and
PS realisations for the denoiser, while sample variance introduces a median deviation of about
~ 10% in the same region. Note that the samples shown have an average FE at the redshift plot-
ted that is slightly above the average FE over all available realisations. Figure 4.8 also shows that
on the largest and smallest scales, 21cmPSDenoiser tends to under-predict the mean power: a
behaviour not seen in the test set cases. It is reasonable, however, that the out-of-distribution
performance is weaker than that seen for the test set. One could further improve the generaliza-
tion of 21cmPSDenoiser by fine tuning it on 21-cm power spectra from different models and
simulators.

4.6 Application to inference

In this section, we test the performance of 21cmPSDenoiser by performing inference on a
HERA mock observation. We compare the traditional state-of-the-art inference pipeline with the
improvements introduced in this work (i.e. left vs right of Figure 4.1).

4.6.1 Mock HERA observation

We choose the mock parameter set 0,00k With (10g, fesc.10 10810 fr.10; Miurn, 10819 Lx <akev/SFR, Eg) =
(—1.23,—1.36,8.26,40.59, 1.40keV) out of the 50 parameter sets available in the test set as it has
an EoR history that is consistent with that inferred from Lyman-« forest data [Qin et al., 2025],
and matches UV luminosity functions at 2 = 6-10 [Bouwens et al., 2015, 2016, Oesch et al., 2018].
In addition to thermal variance from the instrument, an observation of the 21-cm PS is subject to
cosmic variance due to the fact that there is only one Universe with its own set of initial condi-
tions to observe i.e. we do not observe the expectation value of the 21-cm PS (over all possible
observable universes), but rather a realisation with a finite volume. Cosmic variance has the most
effect at the largest scales of an observation as there are fewer Fourier modes to be observed given
the finite size of the observable Universe. However, since HERA observations span a much larger
field than our forward models, cosmic variance on the scales of the simulation is negligible. Our
mock cosmic signal is therefore taken to be the mean 21-cm PS, averaged over the 200 realisations
of ICs for O,,0ck. As our observational summary statistic, we spherically-average this mean cylin-
drical PS above piy,;, = 0.97, mimicking the observational footprint (c.f. Figure 4.2), obtaining
the 1iDPSat 2 =5.6,6.1,6.9,7.9,9.1,10.4,10.8,16.8, and 22.7.

We use 21cmSense (Pober et al. 2013, 2014, Murray et al. 2024) to forecast the sensitivity
for two full seasons of phase I HERA observations where we observe for 94 nights per season

found in the github repo https://github.com/DanielaBreitman/21cmPSDenoiser
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Figure 4.8: Fractional error on the 21-cm power spectra shown in Figure 4.7. We caution that the
mean PS is estimated from a relatively small number of realisations (35 unpaired ICs + 5 pairs of
ICs).
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Figure 4.9: Spherically averaged 21-cm power spectra at z = 10.8 corresponding to a param-
eter vector in our test set, 0. Pink points and error bars correspond to a mock ~ 2256 h
observation with HERA (see text for details). In orange, we plot different realisations, varying
ICs at a fixed 6,00k, but spherically-averaging the 2D PS down to f;, = 0 as is commonly done
when forward-modelling. In blue, we plot these realisations but instead averaging only down to
fmin = 0.97 to account for the HERA footprint in cylindrical space (see red line in Figure 4.2).
Excising low 4+ modes removes the bias seen in the orange curves, but dramatically increases the
sample variance. The dashed black line corresponds to the output of 21cmPSDenoiser from a
single 2D PS realisation, averaged down to ji,,i, = 0.97. We see that applying 21cmPSDenoiser
mitigates both the bias and the sample variance.

for a total of ~ 2256 integration hours (see HERA Collaboration et al. 2023 and the appendix
in Breitman et al. 2024 for more details). The forecast assumes that the number of observed
hours is the same in both seasons. The only difference between the two seasons is the number
of operating antennas that increased from 140 in the 2022-2023 season to 180 in the 2023-2024
season. To combine the two observations, we sum the total integration times as well as the uv
coverage of both seasons. We then use these combined integration time and uv-coverage to obtain
the thermal variance of the HERA instrument over both seasons. We also include the cosmic
variance of the observation in the error budget, adding it to the thermal noise in quadrature:
Tsens = \/ T ormal T O osmics Where we refer to oyens as the sensitivity.

After this procedure, we are left with HERA mock 1D 21-cm power spectra at all redshifts,
together with the associated sensitivities. In Figure 4.9, we plot the mock observation at z = 10.8
as the pink points with 10 error bars. In orange, we show different PS realisations with 0 = 6,,,,ck,
where all modes (i.e. pimin = 0) of the 2D spectrum have been included in the average, instead of
the modes above f,;, = 0.97 used for the mock. We see that there is significant scatter between
the realisations at the largest scales even when we include all available modes. Aside from the
realisation-to-realisation scatter between the orange curves, we find that they are biased by a
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factor of ~ 3, revealing the effects of anisotropy when the correct jin, is neglected.”

In blue, we show PS realisations also with 6 = 6,,,¢, but now averaging over only the modes
‘observed’ in the mock with fi,,;, = 0.97. Unlike the orange curves, these do not display a signif-
icant bias with respect to the mock data. However, limiting the modes over which to perform the
averaging results in substantial sample variance at small k. The level of sample variance is well
in excess of the observational error bars and we thus expect it to limit the inferred parameter
constraints (as we confirm below).

The dashed black line shows the mean PS obtained from 21cmPSDenoiser derived from a
single realisation. Similarly to the blue curves, this de-noised PS is averaged only over modes
above [l = 0.97.

The de-noised PS agrees very well with the mock data, with no obvious bias and a dramatic re-
duction of the effects of sample variance (seen by the reduction in bin-to-bin variance) compared
with the blue curves.

4.6.2 Inference set-up

To quantify the qualitative trends seen in Figure 4.9, we use our HERA mock observation to
perform inferences under different approximations:

(i) No 21cmPSDenoiser and no iy, cut — this corresponds to the current approach of spherically-
averaging the forward-modelled 2D PS down to i, = 0 using a single realisation of the
ICs (c.t. orange curves in Figure 4.9);

(i) No 21cmPSDenoiser with pi;, = 0.97 cut — this also uses a single realisation of the 2D
PS, but averages down to the same fi,,;, = 0.97 as is used for the mock data (c.f. blue curves
in Figure 4.9);

(iii) 21cmPSDenoiser with iy, = 0.97 cut - this uses a single realisation of the 2D PS passed
to 21cmPSDenoiser to obtain the mean 2D PS, before averaging down to the correct fi,in, =
0.97 (c.f. dashed black curve in Figure 4.9).

In all of the inferences, the likelihood is constructed by multiplying individual likelihoods
based on four observables:
(i) 21-cm 1D PS: following Figure 4.1, we forward model the 2D PS A%MU@_, k|, z). We then
Denoiser(A3, ;) with NN

estimate the mean PS: p(0) = .
A3, ; otherwise.

We then average the mean 2D PS to 1D, weighting each 2D bin by the number of 3D Fourier
modes it contains, N:

A3, (ki)

1
= ZkeK AR k”) Z Nk(lﬁ_,ku) X Agl(/@_,k”), (4.8)
: T kek;

where K; is the set of k = | /k% + ki € k;*°. We then apply a window function W (e.g.,

Liu et al. 2014a,b, Gorce et al. 2023) calculated with hera-pspec®' to the forward-modelled

We note that we chose z = 10.8 explicitly to highlight the impact of PS anisotropy; its impact at other redshifts
corresponding to an advanced stage of the EoR and whose bins span a slower redshift evolution of the signal would
be smaller (e.g. Mesinger et al. 2011, Mao et al. 2012, Datta et al. 2014).

*°For more details, see cylindrical_to_spherical in tuesday.

'https://github.com/HERA-Team/hera_pspec/
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1D PS. The window function converts the forward-modelled 21-cm PS to an observed PS
by including instrumental effects such as the chromaticity of the baselines and the beam,
especially affecting large-scale modes. The likelihood function is a Gaussian

(W ’ ,u(é’) -W- A%1,mock)2

! ' , (4.9

logﬁ(Agl,mock‘e) = _5 Z
[k

g

summed over all frequency bands f and k-bins , where the total variance ¢ includes the
sensitivity of the mock observation o2 __ and a contribution from the forward model o2

coming from either Poisson sample variance or the mean NN error:

2 _ 2 2
0° = 0.+ 0f,, Where (4-10)

(4.11)

A2,(0) X Tdenoiser With 21cmPSDenoiser
o S—
o AZ,(0)/V/'N otherwise.

(if) UV luminosity functions: we include UV LFs at 2 = 6,7, 8 and 10 based on Hubble data
(Bouwens et al. 2015, 2016, Oesch et al. 2018) as in previous works (e.g., HERA Collaboration
et al. 2022a, Breitman et al. 2024). This likelihood function is also assumed to be Gaussian.

(iii) Thomson scattering optical depth to the CMB: we include a Gaussian likelihood centred
around 7, = 0.05697000% based on the median and 68% credible interval (CI) from the
posterior obtained in Qin et al. 2020 from their re-analysis of Planck Collaboration et al.
2020 data.

(iv) Lyman forest dark fraction: this term compares the proposed model’s global neutral fraction
at z = 5.9 with the upper bound 7; < 0.06 £ 0.05 at 68% CI obtained with the model-
independent QSO dark fraction method (McGreer et al. 2015). The likelihood function is
unity if the proposed global neutral fraction is below the upper bound at z = 5.9, then it
decreases as a one-sided Gaussian for higher values of 7y;.

For computational convenience, we fix £y and Ly to the true values in 6, and perform the
inference over the remaining three astrophysical parameters for which we assume flat priors over
the following ranges: (i) log;, fi10 € [—2, —0.5]; (ii) log;( fesc.10 € [—3, 0]; and (iii) Myym[Me] €
(8, 10].

We run the inferences with the 21cmMC ** (e.g., Greig and Mesinger 2015, 2017, 2018) pack-
age using the MultiNest (e.g. Feroz et al. 2009) ** sampler. Each inference requires about 15k
likelihood evaluations. In the following section, we show and discuss the posterior from each of
these inferences.

4.6.3 Inference results

In Figure 4.10 we show the marginal posteriors of our three inferences, together with the true
values, 0,0k (marked in pink). In orange, we show the posterior for inference (i). As foreshad-
owed by the orange curves in Figure 4.9, we see that the posterior is indeed biased, due to the
mismatch of the 2D PS footprints of the observation and forward model. The bias is at the level

*?https://github.com/21cmfast/21CMMC
*3We choose MultiNest over UltraNest because the former requires significantly fewer likelihood evaluations
than the latter and because we expect a simple ellipsoidal posterior.

20


https://github.com/21cmfast/21CMMC

Sample Variance Denoising in Cylindrical 21-cm Power Spectra

Figure 4.10: 1D and 2D marginal posteriors from three inferences described in the text: (i) tradi-
tional state-of-the-art analysis using a single IC realisation and spherically-averaging the 2D PS
down to fiy,in = O (orange); (ii) using a single IC realisation but spherically-averaging the 2D PS
down to the same fi,,;, = 0.97 used for the mock data (blue); and (iii) applying 21cmPSDenoiser
to a single realisation in order to mitigate sample variance followed by the ji,;, cut to mitigate
PS anisotropy (black). The 2D contours show 95% Cls. The pink lines show the true parameters
emock-
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of ~ 10% in the inferred ionising escape fraction and stellar fraction parameters. More dramatic
however is the overconfidence of the biased posteriors, with the true values being outside ~ 100
for both f, 19 and fesc 10
In blue, we show the posterior for inference (ii). Again, as foreshadowed by the correspondingly-

coloured curves in Figure 4.9, this posterior is unbiased; however, it is notably wider than the
posterior for inference (iii), shown in black. This highlights the impact of sample variance. Ap-
plying 21cmPSDenoiser to a realisation of the 2D PS during inference tightens the inferred 1D
marginal parameter constraints by ~ 50%. While these quantitative results are HERA-specific
due to our HERA-motivated choice of fi,,i,, We expect the qualitative trends to hold for any in-
strument.

4.7 Conclusion

In this work, we study the consequences of two common approximations made on the 21-cm
PS likelihood in Bayesian inference problems:

(i) Replacing the 21-cm PS mean with a sample from a single realisation;

(ii) Averaging the 3D Fourier modes within a k bin over all orientations, instead of matching
those actually observed by 21-cm PS experiments.

In order to relax both of these assumptions, we developed 21cmPSDenoiser, a score-based dif-
fusion model that provides an estimate of the mean cylindrical 21-cm PS given a single realisa-
tion. Unlike emulators, 21cmPSDenoiser is not tied to a particular model or simulator since
its input is a (model-agnostic) realisation of the 2D 21-cm PS. 21cmPSDenoiser outperforms
state-of-the-art analytical approaches such as fixing and pairing, the benchmark technique for
sample variance mitigation. Individual 2D PS realisations can deviate from the mean by over
50% at scales relevant to current interferometers. 21cmPSDenoiser reduces this deviation to
~ 2%, over a factor of 2 better than fixing and pairing, and at almost no additional cost (~ 2s
per iteration). Moreover, we test 21cmPSDenoiser on 21-cm power spectra from a completely
different simulator and astrophysical model. We find that it produces reasonable power spectra
and produces a mean estimate that is ~ 2.5 times more accurate than the 2D PS realisation itself
above [y, = 0.97, the region of cylindrical PS space most relevant to current observations.

We test 21cmPSDenoiser by applying it in a realistic inference context. First, we simulate
a realistic HERA mock 21-cm PS observation with 21cmSense. Then, we run a set of three
inferences: (i) a classical inference such as previous state-of-the-art inferences; (ii) an improved
inference where we solve only the first issue mentioned above; and (iii) where we solve both
issues. We find that inference (i), the typical state-of-the-art inference method, produces a highly
overconfident and biased posterior with a bias of over 100 for two of the three parameters. In
inference (ii), we crop the k-space of our cylindrical 21-cm PS closer to that of observations by
applying a cut at gy, = 0.97, and, as expected, we obtain an unbiased but wider posterior.
Finally, we apply both 21cmPSDenoiser and the cut at p,,;, = 0.97 in inference (iii), and obtain
an unbiased posterior that is on average 50% narrower for each parameter. We thus explicitly
show that 21cmPSDenoiser would benefit HERA data analysis in the very near future. Our
proposed method, however, would also be highly applicable for upcoming experiments such as
the SKA, especially for its earliest observation modes that are limited to substation layouts of e.g.
12 m or 18 m that enable the observation of much larger scales than the full array composed of
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35 m stations®4.

We leave to future work to apply score-based diffusion models toward other sample-variance
limited observations, such as large-scale structure surveys, and quantify the improvement they
provide over previous machine learning methods such as convolutional neural networks (e.g., de
Santi and Abramo 2022).
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Chapter 5

Future outlook

In this thesis, we use machine learning as a tool to improve and facilitate the interpretation of
cosmic dawn and epoch of reionisation observations within a Bayesian framework. In particular,
in Chapters 2 and 3, we use machine learning to emulate otherwise computationally expensive
simulations, thus speeding up the inference runtime by over a factor of four. As discussed in
Section 1.4, a wide range of observables can be used to constrain the CD/EoR epochs, making
the emulation of additional observables a natural and important direction for future research. In-
corporating multiple new observables into the inference framework would sharpen constraints
and enhance the constraining power of current 21-cm PS upper limits. Achieving this will re-
quire improving simulators so that they can generate a broader spectrum of summary statis-
tics. A particularly promising extension is line-intensity mapping (LIM): integrating LIM into the
forward-modelling pipeline would involve developing routines that generate line-intensity maps,
which can then be compressed into common forms reported by experiments, such as power spec-
tra. These, in turn, could be easily incorporated into emulators, enabling joint inference across
multiple spectral lines and significantly expanding the scope of astrophysical and cosmological
constraints.

In preparation for the high-quality 21-cm maps anticipated with the SKA, an important re-
search direction is the emulation of more informative 21-cm statistics that capture the intrinsic
non-Gaussianity of the signal. This could range from emulating full lightcones to summary statis-
tics such as bispectra. While existing studies have quantified the improvement in constraining
power from these more informative statistics, they typically do not perform synergistic inferences
across multiple probes, nor do they address the challenge of combining different summaries ex-
tracted from the same instrument, which are not statistically independent. A natural way to
overcome this last limitation is to adopt a simulation-based inference framework. Unlike the
Gaussian likelihood assumption employed in this thesis, SBI is well suited to handling correlated,
non-Gaussian summaries. As upper limits from current experiments continue to improve — and
particularly once first detections are made — SBI will become an increasingly essential tool for
extracting the full information content of the 21-cm signal.

Perhaps the greatest challenge for inference is model misspecification: Bayesian methods are
known to fail if the forward model differs from the true data-generating process. This is a press-
ing concern, given the unavoidable mismatch between our simplified forward models and the
complex physics of the real Universe. Misspecification can arise from incomplete astrophysi-
cal prescriptions, numerical approximations, or neglected instrumental systematics. Left unad-
dressed, it can bias posteriors and produce overconfident or misleading constraints. Standard
Bayesian frameworks assume that the forward model is exact, and therefore cannot diagnose
or mitigate such issues on their own. In practice, robustness demands cross-checking multiple
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models, marginalising over theoretical uncertainties, or adopting more flexible approaches such
as simulation-based inference, which can incorporate nuisance parameters or stochastic elements
to absorb discrepancies. With the advent of high-precision data from SKA, tackling model mis-
specification will be critical: the reliability of our conclusions will ultimately be limited by the
assumptions embedded in our models.

A detection is no longer a distant prospect, with SKA-Low having observed its first light in
March 2025 and already in its commissioning phase. Building on the lessons from SKA pathfind-
ers, an important research priority is to improve forecasts for upcoming observations. For imag-
ing instruments such as SKA, this requires realistically simulating the thermal noise contribution
to observed maps within a full imaging pipeline. However, most existing forecasting studies rely
on overly idealized imaging setups, limiting their predictive power. In particular, residual system-
atics—rarely included in forecasts or in forward-modelling pipelines—remain a serious challenge
for current experiments. Developing more realistic, end-to-end forecasts that incorporate these
complexities will be essential both for interpreting SKA data and for maximizing its scientific
return.

The SKA has a relatively large field of view and therefore probes an enormous cosmic volume.
As discussed in 4, sample variance in forward models is a major concern for both hydrodynamic
and semi-analytical simulations that aim to constrain CD/EoR physics with the 21-cm power
spectrum. To enable accurate forecasts on all scales, we need simulations that cover volumes
comparable to those observed. To address this, I am currently working on the next iteration
of the Evolution of State (EOS) project (see previous iterations: Mesinger et al. 2016, Mufoz
et al. 2022). The aim of EOS is to deliver the largest available simulation boxes that incorporate
state-of-the-art astrophysics and cosmology. For this new iteration, I am running a 2.1 Gpc box
at a resolution of 1.5 Mpc using the new 21cmFASTv4 [Davies et al.,, 2025]. Even with a semi-
analytical code, carrying out a simulation of this size demands immense computational resources.
Once completed, this flagship simulation will serve as a benchmark for forecasting upcoming 21-
cm surveys and will provide a community resource for years to come.

I believe that community is a cornerstone of scientific progress. For this reason, I remain
committed to making all of my code public and to developing well-designed, well-documented
Python packages for community use. By sharing ready-to-use, high-quality tools, we allow re-
searchers to focus their efforts on new scientific questions rather than reinventing the wheel,
ultimately accelerating progress across the field. I am convinced that embracing this practice is
a necessary step for our field to reach its full potential.

To conclude, the 21-cm signal remains one of the most promising probes of the early Universe,
with the potential to transform our understanding of cosmic dawn and the epoch of reionisation.
In recent years, immense progress has been made in both modelling and data analysis, bringing
us to the threshold of a first detection. The work presented in this thesis contributes to this collec-
tive effort by developing machine learning tools to accelerate inference, mitigate sample variance,
and enable synergistic analyses with multiple observables. As upper limits tighten and we ap-
proach the first detection, the challenge will increasingly shift from obtaining data to correctly
interpreting it. This will require not only more realistic simulations and end-to-end forecast-
ing pipelines, but also robust inference frameworks that can handle model misspecification and
correlated, non-Gaussian statistics. At the same time, community-driven practices such as open-
source packages will be essential to maximise scientific return and ensure that the progress made
is broadly accessible.
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